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Abstract. For any n > 3, we prove that there are equivalences between 

• irreducible n-dimensional non degenerate projective varieties X C p2"+i different from rational normal scrolls and 
3-covered by rational cubic curves, up to projective equivalence; 

• quadro-quadric Cremona transformations of P" ^ ^ , up to linear equivalence; 

• n-dimensional complex Jordan algebras of rank three, up to isotopy. 

We also provide some applications to the classification of particular classes of varieties in the class defined above and 
of quadro-quadric Cremona transformations, proving also a structure theorem for these birational maps and for varieties 
3-covered by twisted cubics by reinterpreting for these objects the solvability of the radical of a Jordan algebra. 



Introduction 

In this paper we continue the study began in [31] of the unexpected relations between the following three sets: 
n-dimensional complex Jordan algebras of rank three modulo isotopy; irreducible n-dimensional projective varieties 
X C p2"+i such that through three general points there passes a twisted cubic contained in it modulo projective 
equivalence; quadro-quadric Cremona transformations in P"^i modulo linear equivalence. 

Jordan algebras have been introduced by physicists around 1930 in the attempt of discovering a non-associative 
algebraic setting for quantum mechanics. These algebras found later applications in many different areas of mathe- 
matics, spanning from Lie algebras and group theory to real and complex differential geometry, see for example ll26l 
Part I] for a general panorama. In algebraic geometry, complex Jordan algebras of rank three were used to construct 
projective varieties with notable geometric properties either by considering some determinantal varieties associated to 
the simple finite dimensional ones such as Severi varieties, see ||40[ IV.4.8], or by defining the so called twisted cubic 
over a rank three Jordan algebra, see ifTSll . lIZTll OTl Section 4], ||22| . ||231 and Section 3 below. These last objects 
are examples of projective varieties such that through three general points there passes a twisted cubic contained in it 
and they also appear as the first exceptional examples to the classification of extremal varieties m-covered by rational 
curves of fixed degree, see 1331 and ||3TI for definitions and examples and also Section 1 and Section 3. Moreover, 
twisted cubic over rank three Jordan algebras are also examples of varieties with one apparent double point, see 1271 , 
iBl. Corollary 5.4] and |10|, and the smooth ones are also Legendrian varieties, see |27| and |!23]|. 

Quadro-quadric Cremona transformations can be considered as the simplest examples of birational maps of a pro- 
jective space different from linear automorphisms. In the plane these transformations are completely classified and 
together with projective automorphisms generate the group of birational maps of P^. In low dimension they were 
studied classically by the Italian school, see for example |13| and the references therein, and soon later by Semple 
135 1 . These results were reconsidered recently in |28|, where the classification in P'^ originally outlined in |13 | is 
completed, see also f5|. In ITS'] it is proved the surprising and nice result that there are only four examples of quadro- 
quadric Cremona transformations with smooth irreducible base locus. These four examples are related to the so called 
Severi varieties and are linked to the four simple complex Jordan algebras of hermitian 3x3 matrices with coefficients 
in the complexification of the four real division algebras K, C, H and O, see lil5J . 1.40] . and also LlTj . ||9il and Corollary 
ISHhere. 



The main results of the paper, collected in Theorem l4. H and in the related diagram, assert that the three sets described 
above are in bijection and that the composition of two of these bijections is the identity map. This correspondence, 
which we call ''X J C -correspondence", was conjectured in the final remarks of [31] and it is based on the following 
results: every quadro-quadric Cremona transformation of P"~i is linearly equivalent to an involution which is the 
adjoint of a rank 3 Jordan algebra of dimension n (Theorem l3.4l i; every irreducible n-dimensional variety X" C p2"+i 
which is 3-covered by twisted cubics and different from a rational normal scroll is projectively equivalent to a twisted 
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cubic over a rank three complex Jordan algebra (Theorem l3.7l l. Some particular versions of the X JC-correspondence 
are the following: cartesian products of varieties 3-covered by twisted cubics correspond to direct product Jordan 
algebras of rank three and to the so called elementary quadratic transformations (Proposition |43J; smooth varieties 
3-covered by twisted cubics, modulo projective equivalence, are in bijection with semi-simple rank three Jordan 
algebras, modulo isotopy, and with semi-special quadro-quadric Cremona transformations, modulo linear equivalence 
(Theorem|431l. 

The X JC-correspondence is extended in Section |43] to cover some degenerated cases: rational normal scrolls, 
Jordan algebras with a cubic norm and 'fake' quadro-quadric Cremona transformations, respectively. Moreover, the 
X JC-correspondence leads us to some new constructions and definitions. The theory of the radical and the semi- 
simple part of a Jordan algebra suggested the definitions of semi-simple part, semi-simple rank and semi-simple 
dimension of a quadro-quadric Cremona transformation, or of an extremal variety 3-covered by twisted cubics, pro- 
viding for instance a general Structure Theorem for these maps, see Theorem 15. 161 As an application we prove in 
Corollary 15.91 that every homaloidal polynomial / of degree 3 defining a quadro-quadric Cremona transformation 
whose ramification locus scheme is cut out by / is, modulo linear equivalence, the norm of a rank 3 semi-simple 
Jordan algebra, providing a new short proof of 1 17 Theorem 3.10] and of |9, Theorem 2, Corollary 4]. 

The paper is organized as follows. In Section 1 we introduce some notation which is not standard. In Section 2 we 
define precisely the objects studied giving some examples: the X-world consisting of extremal varieties 3-covered 
by twisted cubics; the C-world consisting of quadro-quadric Cremona transformations and the J-world consisting 
of rank three complex Jordan algebras. Moreover the natural equivalence relations: projective equivalence, linear 
equivalence, respectively isotopy are introduced as well the notion of cubic Jordan pair In Section 3 we define the 
correspondences between the three sets modulo equivalences. First from the J-world to the X and C worlds. Then 
from the C-world to the X-world. We prove the equivalence between the C and J worlds in Theorem 13.41 while 
the equivalence between the X and J worlds is proved in Theorem |3.7| The X JC-correspondence and its particular 
forms recalled above are stated in Section 4 while Section 5 is devoted to the Structure Theorem of quadro-quadric 
Cremona transformation. Theorem 15. 161 and to the reinterpretation of the theory of the solvability of the radical of a 
Jordan algebra in the C-world and in the X-world. 

1. Notation 

If y is a complex vector space of finite dimension and if A C V is a subset, then (A) denotes the smallest linear 
subspace of containing A, analogous notions being defined in P(y). The projective equivalence class of a; G 1^\{0} 
is the element [x] G P(F). Let Pi, P2 be two projective subspaces in P^. When Pi D P2 — 0, we define their direct 
sum as Pi ® P2 = (-Pi, P2) C P^. 

We shall consider (irreducible) algebraic varieties defined over the complex field. If X is an irreducible algebraic 
variety and if n = dim{X), we shall write X — Jf" or simply X". We denote by [X] the projective equivalence class 
of an irreducible projective variety X C P^. We shall indicate by (X)™ the m-times cartesian product X x ■ ■ ■ x X . 
We denote by T^X the embedded projective tangent space to X C P^ at a smooth point x of X while Tx.x indicates 
the abstract tangent space to X at x. 

The irreducible quadric hypersurface in P''+i is denoted by while U3(P^) C P'^ is the twisted cubic curve. 

2. The objects 

2.1. The X-world: varieties X"(3, 3). An irreducible projective variety X — X" C P^ is said to be 3-rationally 
connected by cubic curves {3-RC by cubics for short) if for a general 3-uplet of points x — {xi)^^^ e i^)^^ there 
exists an irreducible rational cubic curve included in X that passes through xi , X2 and X3. 

If X C P^ is 3-RC by cubics, then projecting X from a general projective tangent space TxX we get an irreducible 
variety F"^'' c p^-"-i^ (5 > 0, such that through two general points there passes a line contained in Y"^^ . This 
immediately implies Y = P"^* so that: 

(1) dim(X) < 2n + 1 - (5 < 2n + 1, 

see also ll33l Section 1.2] for more general results and formulations. 

We will say that a variety X C P''^ 3-RC by cubics is extremal \f N — dim(X) — 2n + 1. In what follows, we 
shall use the notation X = X"(3, 3) when X C p2"+i is an extremal variety which is 3-RC by cubics. 

Thus for X — X"(3, 3) C p2"+i and for two general points a;i, 2:2 € X, we have 

p2"+i ^ {X) =Tx,X®Tx,X, 
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see also ll33l Lemme 1.3]. 



Example 2.1. (1) There exists a unique 3-RC curve X^{3, 3): the twisted cubic cubic curve V3(P^) C P''; 

(2) Let Q be an irreducible hyperquadric in P". It is well-known that Q is 3-RC by conies and since P^ is 3- 
covered by lines(!), it immediately follows that the Segre product Seg(P^ x Q) C P^^+i is 3-RC by cubics 
so that Scg(P^ X Q) = ^"(3, 3). These examples produce a family of X"(3, 3) for every n > 2; 

(3) Let {Hi)^^^ be a 3-uple of elements of the grassmannian variety G(2, 5) = G3(C^) C P^^, Pliicker embed- 
ded. If the Hi's are general, one can find a basis (ui)f^i ofC^ suchthatlli — lii Au2 Aits, 112 — W4AM5AU6 
and Ha = (ui + U4) A (u2 + W5) A (wa + uq). Then s h- > {ui + sui) A (1*2 + 5U5) A (ua + sug) ex- 
tends to a morphism (/j : P^ — > 6*3(0^) such that ip{0) = ni,iy9(c!o) = 112 and (p{l) = Us- The curve 
.^(P^) C (G(2, 5) C P^^ in the Plucker embedding is a twisted cubic, showing that G(2, 5) = X^{3, 3); 

(4) The rt-dimensional rational normal scrolls S'i...i3 C p2"+i, n > 1, and 5i...i22 C p2"+i^ n > 2, are 
classical examples of X" (3,3), which we shall call degenerated examples, see |[33l for the explanation of the 
terminology and also Section [33] below. 

We shall denote by X"(3,3) the set of irreducible non-degenerate varieties X" C p2"+i which are 3-RC by 
twisted cubics and which are not degenerated in the above sense, i.e. that are different from 5i...i3 or S'i...i22- The 
description of the projective equivalence classes of elements in X"(3, 3) is a natural geometrical problem already 
considered in ||3T1 , see also ||33l for general classification results of this kind. Indeed, this problem naturally appears 
when trying to solve the question on which maximal rank webs are algebraic, a central problem in web geometry, see 

m. 

Remind that if X e X"(3, 3), we shall denote by [X] its projective equivalence class. 

2.2. The C-world: Cremona transformations of bidegree (2, 2). Let / : P"^i pn-i ^ rational map. There 
exist a unique integer d>\ and fi e jOp^-i i = 1, . . . , n, with gcd(/i, . . . , /„) = 1 such that 

:•••:/„ (x)] 

for X G p"-i outside the base locus scheme B = V{fi, . . . ,/„) C P"^i of /. By definition, the degree of / 
is deg(/) — d. We will denote by : C" — > C" the homogeneous affine polynomial map defined by F{x) = 
{fi{x), . . . , fn{x)) for X G C". Note that the projectivization of F is of course the rational map / and that F depends 
on / only up to multiplication by a nonzero constant. 

A rational map / : P"^i p"-i is birational (or is a Cremona transformation) if it admits a rational inverse 
j-i . pri-i P"^i. In this case, one defines the bidegree of / as bideg(/) = (deg /, deg /~^). In this paper we 
will mainly consider quadro-quadric Cremona transformations, that is Cremona transformations of bidegree (2, 2). 
The set of such birational maps of P"^^ will be indicated by Bir2,2(P"^^)- 

Example 2.2. (1) The standard involution of P"^i is the birational map 

[xi : X2 : . ■ . : Xn] ' — > [X2X3, . . . x„ : X1X3, . . . x„ : . . . : X1X2 ■ . ■ Xn~i] . 

It has bidegree (ri — 1, n — 1) and it is an involution, that is / = /^^ or equivalently / o / is equal to the 
identity of P"^i as a rational map; 

(2) Assume that x {£o{x), . . . ,£n{x)) is a linear automorphism of C". Then for any nonzero linear form 
£ : C" C, the map x 1— >■ [£{x)£o{x) : • • • : £{x)£n{x)] is a birational map. With the previous definitions 
it is a birational map of bidegree (1, 1) but we shall consider such a map as a fake quadro-quadric Cremona 
transformation, see Section l431 

(3) Let Q"^^ C P" be an irreducible hyperquadric. Given p G Qicg, the projection from p induces a birational 
map TTp : Q P""^ ¥ox p,p' G Qrog with p' ^ TpQ, the composition -Kp> o tt^'^ : P""i --^ P""i is a 
birational map of bidegree (2, 2), called an elementary quadratic transformation; 

(4) Let J be a finite dimensional power-associative algebra. The inversion x ---> x^^ induces a birational invo- 
lution j : P( J) --^ ^{J)- If J has rank r, see l2.3l for the definitions, then j is of bidegree (r — 1, r — 1). 
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For simplicity, we denote by V the vector space C" in the lines below. 

Let /i , . . . , /„ and gi, . . . , gn be quadratic forms on V defining the affine polynomial maps F = (/i , . . . , /„) : 
V ^ V, respectively G = (51,..., 5„) : V ^ V. Let f : P"-i P"-\ respectively g : P"-i --^ 
be the induced rational maps. Then g — /^^ as rational maps if and only if there exist homogeneous cubic forms 
TV, M G Sym^(t/*) such that, for every x,y G V: 

(2) G{F{x)) =N{x)x and F{Giy)) = M{y) y. 
In the previous case, one easily verifies that for every x,y ^ V, we also have 

(3) M{F{x)) = N{xf and N{G{y)) = M{yf. 

Two Cremona transformations /, / : P"^i ---> p"-i are said to be linearly equivalent (or just equivalent for short) 
if there exist projective transformations ^2 ■ P"^^ — > P"^i such that f = £io f o£2- This is an equivalence relation 
on Bir2.2(P"~^) and in the sequel we shall investigate the quotient space 'Bir2.2{P^^^)/ ['■guSJaience ^"d its various 
incarnations. 

If / G Bir2,2(]P"^^) we will denote by [/] its linear equivalence class. 
2.3. The J-world: Jordan algebras and Jordan pairs of degree 3. 

By definition, a Jordan algebra is a commutative complex algebra J with a unity e such that the Jordan identity 

(4) x'^{xy) ^ x{x'^y) 

holds for every a;, y G JJ (see Il20ll26l '). Here we shall also assume that J is finite dimensional. It is well known that a 
Jordan algebra is power-associative. By definition, the rank rk(J) of J is the complex dimension of the (associative) 
subalgebra (x) of J spanned by the unity e and by a general element x G J. A general element x G J is invertible, i.e. 
for X in an open nonempty subset of JJ, there exists a unique G (x) such that xx^^ = e — x^^x. 

Example 2.3. (1) Let A be a non-necessarily commutative associative algebra with a unity. Denote by the 
vector space A with the symmetrized product a ■ a' = ^{aa' + a' a). Then A'^ is a Jordan algebra. Note that 
yl+ = j4 if yl is commutative. 

(2) Let q : W C he a quadratic form on the vector space W. For (A, w), {X' ,w') G C © W, the product 
(A, w) * (A', w') = (AA' — q{w, w'), Aw' + X'w) induces a structure of rank 2 Jordan algebra on C with 
unity e = (1, 0). 

(3) Let A be the complexification of one of the four Hurwitz's algebras M, C, EI or O and denote by Herm3(A) 
the algebra of Hermitian 3x3 matrices with coefficients in A: 

Herm3(A) = (('^3 ^ -^.-^'-3GA 1 

^ ' \ V-2 -1 rj ri,r2,r3 G C / 

Then the symmetrized product M • N — -i {MN + NAd) induces on Herm3(A) a structure of rank 3 Jordan 
algebra. 

A Jordan algebra of rank 1 is isomorphic to C (with the standard multiplicative product). It is a classical result that 
any rank 2 Jordan algebra is isomorphic to an algebra as in Example l2.3l (l2ll. In this paper, we will mainly consider 
Jordan algebras of rank 3. These are the simplest Jordan algebras which have not been yet classified in arbitrary 
dimension. 

Let J be a rank 3 Jordan algebra. The general theory specializes in this case and ensures the existence of a linear 
form T : J — J> C (the generic trace), of a quadratic form S G Sym^(J*) and of a cubic form N G Sym^(JI*) (the 
generic norm) such that 

(5) x^ - T{x)x^ + S{x)x - N{x)e = 

for every x G J. Moreover, x is invertible in J if and only if N{x) ^ and in this case x^^ — N{x) ^x'^, where x* 
stands for the adjoint of x defined by x'^ = x^ — T{x)x + S{x)e. The adjoint satisfies the identity: 

(^x*)* = A^(x)x. 

Example 2.4. (1) The algebra M3(C) of 3 x 3 matrices with complex entries is associative. Then Af3(C)+ is a 
rank 3 Jordan algebra. If M G Af3(C), the generic trace of M is the usual trace, the norm is the determinant 
of M and the adjoint is the classical one, that is the transpose of the cofactor matrix of M. 
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(2) Let C © be a rank 2 Jordan algebra as defined in Example l2.3l (l2]l. For x = (X,w) E C Q) W, one has a 
trace T{x) — 3A and a quadric norm N{x) = + q{w) such that — T{x)x + N{x)e = 0. Then one 
defines the adjoint by = (A, —w). In the rank 2 case, one has {x"^)"^ = x. 

(3) Let A be as in Example l2.3l (l3]l. Since A is the complexification of a Hurwitz's algebra, it comes with a non- 
degenerate quadratic form || • |p : A — > C that is multiplicative. If (•, •) stands for its polarization, then the 
generic norm on Herm3(A) can be computed obtaining: 

r2 3T = rir2r3 + 2(xiX2,a;3) - ri ||a;i|| -r2||a;2|| -raUxsH 

=02 XI r3 J 

for every xi,X2,X3 G A, ri, r2, r3 G C. 

(4) Let J be a power-associative algebra. Also in this case one can define the notions of rank, adjoint a;^, 
norm N{x) and trace and the theory is completely analogous to the previous one. Let r = rk( J) > 2. The 
adjoint satisfies the identity (x'^)"^ = N{xY^'^x thus its projectivization is a birational involution of bidegree 
(r - l,r - 1) of P(J), see also Examplel2^l4l 

The inverse map x x^^ = N{x) ^x'^ on J naturally induces a birational involution J: P( J x C) ---> 
P(JxC) ofbidegree (r, r), defined by J([a;, r]) = [rx'^ , N{x)]. Such maps were classically investigated by N. 
Spampinato and C. Carbonaro Marietta, see 1371 171181. producing examples of interesting Cremona involutions 
in higher dimensional projective spaces. It is easy to see that letting J = J x C, then for (x, r) G J one has 
(x, r)"^ — (rx"^, N{x)) so that the map Jis the adjoint map of the algebra J. A Cremona transformation of 
bidegree (r, r) will be called of Spampinato type if it is linearly equivalent to the adjoint of a direct product 
J X C where J is a power-associative algebra of rank r. 

The previous construction will be used in |32 | to produce some interesting Cremona involutions and to 
describe differently some known examples. In Section lTTl and in Section [3.3.1| maps of this type will naturally 
appear in relation to tangential projections of twisted cubics over rank three Jordan algebras, respectively 
extremal varieties 3-covered by twisted cubics. 

The set of complex Jordan algebras of dimension n will be denoted by Jordan" while J'ordari^ will indicate 
the subset formed by the elements having rank equal to 3. Here we will focus on the description of Jordan^ up to a 
certain equivalence relation that we now introduce. 

2.3. L Isotopy. Let J be a Jordan algebra. By definition, the quadratic operator associated to an element x G I is the 
endomorphism Ux = 2 Lx o Lx — L^^ of J where Lx stands for the multiplication by x in J. If u G J is invertible, one 
defines the u-isotope J*^") of I as the algebra structure on J induced by the product defined by 

a;*'"' y = i^UxA'^), 

where as usual Ux,y = Ux+y — Ux — Uy is the linearization of the quadratic representation P : V ^ Find(V), x ^ 
P(x) = Ux of S (the name is justified by the fact that P is a homogenous polynomial map of degree 2). Then u^^ is 
a unity for the new product and moreover JJ*^") is a Jordan algebra, the u-isotope of J. Let us recall that x G J is 
invertible if and only if Ux is invertible; moreover x^^ = U^^{x) and Ux-^ = U~^ in this case. 

Two Jordan algebras JJ and J' are called isotopic if J' is isomorphic to an isotope J^") of J. One immediately proves 
that the rank is invariant by isotopy. The norm (x) and the adjoint x#(") of an element x G J^"-* are expressed in 
terms of the norm A^ (x) and the adjoint x* in the algebra J in the following way, see |[26l II. 7.4]: 

(7) A^(")(x) = A^(u)Af(x) and x*^"' = Ar(u)^i;7„# (x#). 

If J is a Jordan algebra, then we shall denote by [JJ] its isotopy class. 

Of course, isotopy defines a equivalence relation on J'ordan^ and hence on J'ordan^ since the rank is isotopy- 
invariant. In this paper, we are interested in the description of the quotient space J'ordan^ / isotopy 

The concept of 'Jordan pair' is a useful notion to deal with Jordan algebras up to isotopy. We introduce it in the 
next section. This notion wiU be used later in section [3331 
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2.3.2. Jordan pairs. By definition (see ll24ll ). a Jordan pair is a pair V = {V^,V ) of complex vector spaces 
together with quadratic maps (for a = ±) 

satisfying the following relations for every {x, y) e V x V^'^: 

Dx.yQx = QxDy.x , ^Q%{y).y ^l.Q-'iy) ^QZiv) " QxQy^Ql^ 

where D^ y e EndiV) is defined by D^ y{z) = Q%+M ' Qxiv) ' Qliv) for every z G V . 

Example 2.5. (1) Let J be a Jordan algebra. Then V — (JJ, J) with quadratic operators — Ux for every 
a; e J, is a Jordan pair. By definition, it is the Jordan pair associated to J; 

(2) Given integers p,q > {), the pair V — {Mp,q{C), p(C)) together with the quadratic operators defined by 
Q%{y) = X ■ y ■ X (where • designates the usual matrix product) is a Jordan pair 

By definition, a morphism between two Jordan pairs [V^ , V~ ) and {V^ , V ) with respective associated quadratic 
operators Q"^ and Q , is a pair h — {h'^ ,h^) of Hnear maps h'^ : ^ V such that, for all cr = ± and every 

(x, y) eV^ ■>(. V^" , one has 

Isomorphisms and automorphisms of Jordan pairs are defined in the obvious way. 

An element u G V^'^ is said to be invertible if Q^'^ is invertible (as a linear map from into V^'^). In this case, 
one verifies that the product 

^ • ^' := \qIA^) = \{QUx'(u) - Ql(u) - Ql,{u)) 

induces on a Jordan algebra structure with unit {Qu'^)^^{u) E V" . This Jordan algebra is noted by V" . Then 
it can be proved that V is isomorphic to the Jordan pair associated to . This gives an equivalence between Jordan 
algebras up to isotopies and Jordan pairs admitting invertible elements up to isomorphisms, see Ii24l . 

3. Equivalences 

In this section, we establish some equivalences between the three mathematical worlds introduced above. 

3.1. Starting from the J- world. Let J be a Jordan algebra of dimension n and of rank 3. Following Freudenthal in 
flSJ . one defines the twisted cubic over J as the Zariski closure Xj of the image of the affine embedding 

Atj : J — ^P(C©JeJJ©C) 

a; I — \\Y:x:x* : N{x)\ . 

It is known that Xj C p2"+i belongs to the class X"(3, 3), see for example lEIl Section 4.3]. We shall provide below 
other proofs of this fact, see Proposition 13. 3 1 

Let be the w-isotope of J relatively to an invertible element u G J. Let be the linear automorphism of 

P(C © J © J ® C) = P2"+1 defined by 

lu{\s ■X:Y:t\) = {s:X: N{u)-^U.^#{Y) : N{u)t\. 

It follows from (|7J that, as affine maps from JJ = JJ^"' to p2"+i^ one has = £u° Ml- Hence the projective varieties 
and Xj(u) are projectively equivalent. Therefore the association J ^ Jfj factorizes and induces a well defined 
application 

Jordan^/ — > ^"(3,3)/ 

projective 

I / equivalence 

[J] [X,]- 

Similarly, since x'^^"-' = N{u)~^Uu* {x"^), the linear equivalence class of the birational map #j : [x] ---»■ [a;*] of 
P"^^ does not depend on the isotopy class of J. Hence we also get a well-defined map 



Jordan^/ — > Bir2,2(P" ^)/;inear 

^/ isotopy / , , 

I I equivalence 

[J] ^ 
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Remark 3.1. The tools used above to construct the 'twisted cubics over Jordan algebras of rank three' are the adjoint 
x"^ and the norm N{x). These notions has been introduced for every unital power-associative algebra so that one can 
ask if it were possible to define 'twisted cubics over commutative power-associative algebras of rank three with unity.' 
Since a commutative power-associative algebra of rank three with unity is necessarily a Jordan algebra of the same 
rank, according to llT6l Corollary 13], this generalization would not produce new examples. 

In the same vein, one could define a map associating to a rank three power-associative algebra with unity the 
quadro-quadro Cremona transformation given by the linear equivalence class of its adjoint. As we shall in Theorem 
13.41 below this generalization is useless since the restriction of this map to Jordan algebras of rank three will be 
surjective. Moreover, by applying Theorem 13.41 to the adjoint of a commutative power-associative algebra of rank 
three with unity one could deduce a new proof of 1 16 Corollary 13] mentioned above. 

One verifies easily that ooj = [0 : : : 1] is a smooth point of Xj and that the homogeneization of /ij is the 
inverse of the birational map ttooj, : P" given by the restriction to X of the projection from Too,^ji, see for 

example f3T, Section 4]. It is immediate to verify that Oj = /ij(0) = [1 : : : 0] S ^^Cj is also a smooth point 
and that TqjXj is the closure of the locus of points of the form [1 : x : : 0] with x G J. Thus the birational 
map -0 : IP(J x C) P(JJ x C) given by 4'{[^o ■ x]) = [xqx'^ : N{x)] is a birational involution of type (3,3) 
of Spampinato type (see Example I2.3l (l4li) and it is clearly the composition of the homogenization of /ij with the 
(restriction to of the) linear projection ttoj from Tq^Xj, that is ip — tTqcj o ttq^^ as rational maps. We shall return 
on this in Section [J. 3. 21 

3.2. Starting from the C-world. Let / e Bir2,2(P""^), let g e Bir2,2(P"~^) be its inverse, let F, G : C" ^ C" 
be associated quadratic lifts and let N, M be the associated cubic forms, see Section lZ2l 

3.2. 1 . From the C-world to the X-world. Let us consider the following affine embedding 

(8) M/ :C" ^P(CeC"©C"©C) =p2"+i 

XI — > [l:x: F{x) : N{x)]. 

The Zariski-closure ^/ of its image is a non-degenerate irreducible n-dimensional subvariety of p2"+i containing 
0/=M/(O) = [1:0:0:0]. 

In order to prove that ^/ is 3-covered by twisted cubics, we shall use in different ways the following crucial result 
whose incarnations in the three worlds we defined till now will be the starting points of the bridges connecting these 
apparently different universes. 

Lemma 3.2. Let notation be as above. There exists a bilinear form Bp : C" x C" — > C such that 

dN, = BF{F{x),dx), 

for every x G C". 

Proof. In coordinates, the relation G{F{x)) — N{x)x translates into 

(9) gi{fi{x),...,fri{x)) =x,N{x), i = l,...,n. 

Let / = {/i, . . . , /„) C C[a::i, . . . , x„] ~ S =^ ®d>oSd and let / = ®d>oId- Let us recall that the biggest 
homogeneous ideal of S defining the scheme B ^ V{I) is the saturated ideal 

= ®d>oIT' = ®d>oH%lB{d)). 

It follows from ^ that 

(10) x^N{x) e {h'f C U for every i = 1, . . . ,n. 

By derivation of (|9]) with respect to Xj for j distinct from i, we deduce that Xi{dN / dxj) G ly, yielding 

(11) xf^eh foreveryi,j = l,...,n, i 7^ j. 
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By derivation of ^ with respect to Xi we obtain N{x) + Xi [dN jdxi) £ h for every i = 1, . . . , n. Multiplying by 
Xi and using ( fTOb we deduce xf{dN/dxi) G /4 for every i. Combined with (fTTT l. this shows that x1{dN / dxj) G /4 
for every i, j = 1, . . . , n. Then by definition 

(12) 1^ e 

for every i = 1, . . . , n. Since /|^' = H'^{Ib{2)) — span{/i, . . . , /„}, the last equality being an immediate conse- 
quence of the birationality of /, there exist constants bij G C such that dN/dxi — ^ijfj fo'" every i. Then 
letting Bf{x, y) = X]rj=i bijXiyj, we have dNx — Bf{F{x)^ dx) for every x G C". □ 

We now provide below two different proofs that G X"(3, 3). Both are interesting in our opinion: the first one 
is more elementary but computational; the second one is algebro-geometric and the computations are hidden in some 
elementary well known facts. 

Proposition 3.3. Let notation be as above. The variety Xf belongs to the class Xf G X"(3,3)." Xf in non- 
degenerate in p2"+i^ ig 3—RC by twisted cubics and is different from a rational normal scroll. 

First proof. For a, G C" with M{b) ^ 0, ^a,b ■ t i — > Aiia^tb) ^ well-defined rational map and it follows from 



Q and (O that for t generic, one has 

( (f\\ - [i Gja + tb) F{G{a + tb)) N{G{a + tb)) 
^^^^''■''^''^[-Mia + tb)'- M{a + tbY ' M{a + tbf 



[M{a + tb) : G{a + tb) : a + tb : I]. 



Thus /i/ o 7a.b(P^) is a twisted cubic curve passing through 0/ = fif{ja,b{oo)) and moreover Xf is 2-covered by 
twisted cubics passing through 0/: for {p,p') G (Xf)"^ general, there exists a twisted cubic included in Xf and 
containing the points p, p' and /. 

Now let Xi, G C" be such that A^(a;*) ^ 0, let r^:^ be the translation by x^, in C" and consider the linear automor- 
phism of p2"+i defined by 

4,(t^) = [s : x + sx* ■.y^^dF.xX^)^sF(xi,) : t + .t,,) + diV^, (x) + siV(x,t)] 

for w = [s : X : y : G P(C ® C" © C" © C) = p2«+i, where Bp stands for the bihnear form given by Lemma[l2] 
One verifies immediately that 

4* O ^f = ^fO T^^ . 

This shows that the pair (X/, /i/(x*)) is projectively equivalent to (X/, 0/) hence Xf is also 2-covered by twisted 
cubics passing through iJLf{xi,). Since this holds for any x* G such that N{xi,) ^ 0, this implies that Xf = 
X"(3, 3). The variety Xf is not a rational normal scroll since the linear system of quadrics defining the so called 
second fundamental form at a general point has no fixed component since it is naturally identified with the linear 
system defining /, see lISTl Section 5] for definitions and details. □ 

Second proof of Proposition \3.3\ Let notation be as above. Consider as the hyperplane P" \ V{xo) so that [xo : 
xi . . . : Xn] are projective coordinates on P" and fif : P" Xf is a rational map defined on C". Since / is not 
fake we can suppose n > 3. Consider three general points p = {pi,P2,P3) G (P")^ and let Hp C P" be their 
linear span. We claim that the line Lp = Hp D V^(xo) determines a plane 11^ cutting the base locus scheme of / in 
length three subscheme V spanning Hp. Indeed Dp — f{Lp) C P"^i is a conic cutting the base locus scheme of 
g in length three subscheme V' spanning a plane Hp because g{Dp) — Lp. Then taking H'p = g{Hp) the claim is 
proved. The length six scheme {pi,P2,P3, ^} spans the 3-dimensional space (Hp, Hp) so that it determines a unique 
twisted cubic Cp C P"~i containing it. By Lemma [3721 the birational map fif : P" given by a linear 

system of cubic hypersurfaces having points of multiplicity at least 2 along its base locus scheme ^(xo, N{x)) C P". 
Then Hf{Cp) C Xf is a twisted cubic passing through the three general points fif{pi), i = 1,2, 3. This shows that 
Xf = X"(3, 3) while to verify that Xf is not a rational normal scroll one can argue as in the end of the previous 
proof. □ 

One immediately verifies that the projective equivalence class of does not depend on / but only on its linear 
equivalence class. Hence there exists a well-defined map 

^1^2,2(2^ )/ linear ^ i.^ t / proj ective 

equivalence I equivalence 

[/] ^ 



8 



3.2.2. From the C-world to the J-world. Let us now explain how to associate in a direct and algebraic way a rank 
3 Jordan algebra to / G Bir2,2(IP"^^). Assume that P"^i — F(V) for a n-dimensional vector space V. On the open 
set defined by N{x) 7^ we define 

. f ^ F{X) 

= ivR- 

Then jf : V is a birational map which is homogeneous of degree —1. Following ll25l . we say that the map 

jf : V V is an inversion and that the elements x ^ V with N{x) ^ are invertible. For x V invertible, one 
sets 

Pf{x) = ~d{j})-\ 

We defined in this way a rational map Pf : V Enci(F) which is homogeneous of degree 2. Similarly one defines 

jg -.V —^V and Pg : V — ^ End(V^). 

Theorem 3.4. Let notation be as above. For every linear equivalence class [/], / e Bir2.2(P"~^), there exists a 
Jordan algebra J/ of rank 3 such that — [/]. 

In particular every quadro-quadric Cremona transformation is linearly equivalent to an involution which is the 
adjoint of a rank 3 Jordan algebra. 

Proof. Replacing F by Pf (e) o if necessary, we can assume that there exists an invertible element e £ V such that 
Pf{e) = Idy. Euler's Formula and the homogeneity of jf imply Pf{x){jf{x)) = x for every invertible x so that, 
without loss of generality, we can also assume j/(e) — e. Similarly, one sets jg{y) — M{y)^^G{y) for y such that 
M{y) 7^ 0. Taking the exterior derivative of the relation jg o jf{x) = x, we deduce Pf{x) = —d{jg)j^i^x) for any 
invertible x. The differentials dGy and dMy are homogeneous of degree 1, respectively of degree 2, in y. Hence the 
substitution y = jf{x) — N{x)^^F{x) in 

dija)y = M{y)-'dGy - M{y)-^G{y)dMy 

yields 

Pf{^) = - dGpix) + xN{xy^dMp(^^) (by (|2| and ©) 

= - dGpix) + xN{xy^BG{G{F{x)), dx) (by LemmallH) 

= — dGp(x) + X BG{x,dx). 

Thus the rational map Pf : V End(V") extends to a polynomial quadratic affine morphism Pf : V End(V^). 
Therefore 

Pf (x, y) = Pf {x + y)-Pf{x)- Pf (y) e End(F) 

is bilinear in x and y and the results of ||25l (in particular Theorem 4.4 and Remark 4.5 therein) assure that the product 
•f onV defined by 

^•fV= \Pf{x,y)[e) 

satisfies the Jordan identity admits e as a unital element and induces on a structure of Jordan algebra noted by 
J/. For a. x £ V invertible element, the inverse for this product is given by — jf{x) hence the adjoint of x is 
X* = F{x), yielding rk(JJ/) = 3, see Example |Z2l(|4l). □ 

It can be verified that the isotopy equivalence class of J/ depends only on the linear equivalence class of / hence 
one obtains a well-defined map 

Bir2.2(P""^)/;™ar — > Jordan^, 

■ , I isotopy 

I equtvalence 1 ^ " 

[/] ^ [J/]- 

Remark 3.5. In the previous proof we choose a point e such that Pf (e) — Idy, which is not natural from an intrinsic 
point of view. More generally one can consider the source space and the target space of / as distinct n-dimensional 
projective spaces associated to two vector spaces Vp and Vg of dimension n. We can consider / as a birational map 
/ : P(Vf) P(Vg') with inverse g : P(Vg') --^ ^'{Vf)- Reasoning as in the proof of Theorem 13.41 one proves 
that —d{jf)^^ (resp. ~d{jg)y^) depends quadratically on x S Vp (resp. on y e Vg), defining a quadratic map 
Pf : Vf ^ End(VG,yF) (resp. Pg : Vg -> End(VF, Vg)). Then (Vp, Vg) together with the pair of quadratic 
operators (P/, Pg) is a Jordan pair. 
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3.3. Starting from the X-world. In this section, we describe how to associate to a X E X"(3, 3) an equivalence 
class of quadro-quadric Cremona transformations of P"^i and also how to produce directly (and not through the 
previous construction!) a rank 3 Jordan algebra J of dimension n, defined modulo isotopy, such that X is projectively 
equivalent to Xj. 

Let X C p2"+i be an element of X"(3, 3). Let x e X^eg be a general point such that X is 2-RC by a family 
C Hilb^*^^(X, x) of twisted cubics included in X and passing through x. Denote hy tTx . X ---> P" the 
restriction to X of the tangential projection with center TxX C p2"+i. It is known that tt^ is birational, see ||33l[3Tl . 
Let /3x ■ X ^ X he the blow-up of X at a; and let Ex = (3^ ^{x) be the associated exceptional divisor. Let fx.x be 
the restriction to of the lift of tTx to X: 

(13) vx,x = (tt, o Px)\e^ : Ex P". 

In li3Tl Section 5], we proved that: 

(a) (px,x is birational onto its image that is a hyperplane Hx C P"; 

(b) iy9x,a: is induced by the second fundamental form I //x, a; I C |C'£;_^(2)|; 

(c) as a scheme, the base locus scheme of ipx.x coincides with the Hilbert scheme of lines passing through x and 
contained in X; 

(d) i fx.x)^^ ■ Hx - Ex is also induced by a linear system of hyperquadrics in Hx- 

(e) (px.x is a fake quadro-quadric transformation if an only if X C p2"+i is a rational normal scroll. 

From (c) and (d) one could deduce another proof of Lemma [372l see loc. cit, or equivalently one can say that (d) is 
the incarnation in the X-world of the result proved in Lemma [J!2l see |31 Theorem 5.2] for details. 

Remark 3.6. The map v t-^ v considered in the proof of Theorem [321 below is an alternative geometrical definition 
of (a quadratic lift of) fx.x which is more intrinsic than the preceding one since it does not depend on the embedding 
of X in the projective space p2"+i. 

3.3. L From the X-world to the C-world. From now on we shall assume that X g X"(3, 3) so that X is not a 
rational normal scroll. The results listed above imply that, after identifying Ex and Hx with P"^^, the map (px,x is a 
Cremona transformation of bidegree (2, 2) of P"^^. Moreover, in ||3T1 Theorem 5.2] it is proved that X is projectively 
equivalent to the variety X^^ ^ associated to (px,x via the construction in section [372l We leave to the reader to verify 
that the linear equivalence class of fx.x does not depend on x but only on the projective equivalence class of X. 
Therefore we have a well-defined application 

X^ (3 , 3) / p7-ojectz^je ^ ^1^2^2(2^ ^/linear 

I equivalence I equivalence 

[X] ^ {ipx,x\. 

The results of the previous sections show that this map is a bijection. 

3.3.2. From the X-world to the J-world. The results of III] Section 5] recalled above and Theorem [j4l immediatelv 
imply that any X G X"(3; 3) is of Jordan type, that is there exists a rank three Jordan algebra J such that X is 
projectively equivalent to Xj. 

There is also a direct way to recover geometrically the underlying structure of Jordan algebra from X. Since there 
is no real difficulty here, we will leave to the interested readers to fill up some details of the proof of the next result, 
which was conjectured firstly in lISTl Section 5]. 

Theorem 3.7. If X — X" (3,3) C p2"+i is not a rational normal scroll, then there exists a rank three Jordan algebra 
Jx such that X is projectively equivalent to Xj^ . 

Proof. Let x^ denote two general points of Xiog such that X is 1-RC by the family Y^x+x- of twisted cubics 
included in X passing through a;+ and x^ . One has p2"+i = Tx+X ® Tx-X and for cr = ±, let tt'^ = -Kx" be the 
restriction to X of the tangential projection with center Tx'X onto the projective tangent space Tx-^^X at the other 
point. This map is defined at x^'' and by definition x^'^ — tt'^{x^'^). 

Define V"' as the complex tangent space Tx.x" ■ For v E generic, there exists a unique twisted cubic curve 
included in X, joining x'^ to x~'^ and having [1;] as tangent direction at x'^ . More precisely, there exists a unique 
isomorphism : P^ Cy such that a.y{Q : 1) = x'^ , ay{l : 0) — a;^"" and da^^s : \)/ds\s=Q = v. The map 

V ht- exp(ti) := aT]{\ : 1) 
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can be extended to the whole since, after some natural identifications, it is nothing but the affine embedding /i^^ 
defined in (O, where ipa- is the inverse of the quadro-quadratic birational map cpx.x-" associated to tt^'^ through 
formula (fT3] l above. We thus defined geometrically an exponential map 



exp -.V — >X 



whose image is denoted by X" . Being an affine embedding, its differential 



dexp„ : Tv<',v -^X,cxp(d) 



is an isomorphism for every v G V"'. Using the hnear structure of V"', one can (canonically) identify Ty .v with 
itself obtaining a linear isomorphism 5'^ : — > rx.cxp(t)) • For v general, exp(u) e X"'" so that there exists a unique 
V e V^'^ such that exp(w) = exp(u) (moreover -5 = da^il : t)/dt\t=Q). Thus we can define a linear isomorphism by 
setting 

The linear map depends quadratically on v G and this association extends to the whole yielding a 
quadratic polynomial map 

The quadratic maps thus defined induce a structure of Jordan pair on V~) admitting invertible elements. 
For u G invertible, the Jordan algebra has rank 3 and the initially considered variety X is projectively 
equivalent to Xy+ . □ 



Remark 3.8. Let X G ^"(3, 3). The previous proof shows that the Jordan avatar of the geometrical data formed 
by X together with two general points x"*", a;~ on it is the Jordan pair V^). Similarly, the geometrical object 
corresponding precisely to a rank three Jordan algebra JJ is not really X^ but rather the geometrical data formed by 
together with three points on it. These two remarks lead to the following heuristic question: what are the Jordan- 
theoretic counterparts of the data of X alone, or of a pair {X, x) where a; is a general point on X? Some of the notions 
introduced in 111 seem to be relevant to study this question. 

We shall now briefly outline another geometrical way of recovering the algebra Jx naturally associated to X G 
X"(3, 3). Let notation be as in Section |331 let xi, X2 G X be general points and let ip : ---> P" be the birational 
map TTxi o 7T~^, see also end of Section [3T| From the results in [3jJ Section 5] recalled above, it is not difficult to see 
that the birational map tp, which is clearly of bidegree (3, 3), is of Spampinato type. Indeed, arguing as in the proof of 
Theorem 13. 41 and based on that analysis, one proves that is linearly equivalent to the involution of a rank 4 Jordan 
algebra Jx, which is clearly isomorphic to Jx x C. We leave to the reader the details of the proof of this claim. In 
conclusion from a geometrical point of view the passage from the X-world to the C and the J worlds is completely 
determined by the general tangential projections. 
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4. Statement of the main theorem and of a general principle 

The constructions of the previous sections are all represented in the diagram below, which we will call the 'XJC- 
diagram' : 




Bir2^2 (P" ^ ) / linear 

I equivalence 

Then the main results of this paper can be formulated in concise terms by making reference to this diagram: 

Theorem 4.1. The above diagram is commutative, all maps appearing in it are bijections and the composition of two 
of these maps, when possible, is the identity. 

Once the maps in the X JC-diagram have been introduced, the proof of the preceding theorem reduces to straight- 
forward verifications left to the reader 

Theorem l4. ll savs in some sense that (up to certain well-understood equivalence relations) there are correspondences 
between the objects of these three distinct worlds. The X-world is a world of particular projective algebraic varieties 
sharing deep geometrical properties and it can be considered as a 'geometrical world'. The J- world is a world of 
particular algebras so that it is an 'algebraic world' while we consider the C-world of another nature, which we will 
call 'cremonian'. 

A consequence of the preceding main theorem is the following general principle: 

X JC-Principle. Any notion, construction or result concerning one of the X, J or C-world admits a counterpart in 
the other two worlds. 

Remark 4.2. The X JC-Principle is not a mathematical result in the classical sense and it has to be considered as a 
kind of meta- theorem. Theorem 14. H and the X JC-Principle are manifestations of a deeper phenomena that could be 
formulated in terms of equivalences of categories. We plan to come back to this point of view in the near future and we 
will not deal with this here, although it is very interesting and natural. In the sequel we prefer to present some different 
applications regarding classification results for particular classes of objects in the different worlds. Other applications 
will be obtained in ll32l . 

Maybe the better way to realize that such a principle holds consists in presenting some archetypal examples. 
4. 1 . A first occurence of the X JC-principle. Assume that X, J and / are corresponding objects. 

Proposition 4.3. The following assertions are equivalent: 

(i) the variety X is a cartesian product; 

(ii) the algebra J is a direct product; 
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(iii) the Cremona map f is an elementary quadratic transformation, see Example \2.2\ 

Moreover, the objects satisfying these properties are respectively: the Segre embeddings Seg(P^ x the direct 

products C X JJ' where Jf' is a Jordan algebra of rank 2, the elementary quadratic transformations. 

Proof. Clearly (iii) implies (ii) and (i). If (i) holds and \f X = Xi x X2 C p2"+i^ then we can suppose that through 
three general points of Xi C p2"+i there passes a line and that through three general points of X2 C p2"+i there 
passes a conic. Then Xi is a line and X2 is a quadric hypersurface in its linear span. Thus X is projectively equivalent 
to the Segre embedding of x Q"^^. The other implications/conclusions easily follows. □ 

4.2. A second occurrence of the X JC-principle. In this subsection, we relate the smoothness property in the X- 
world to an algebraic one in the J-world and to another one in the C-world. We introduce these properties. 

By definition, the radical i? of a Jordan algebra JJ, indicated by Rad(J), is defined as the biggest solvable ideal of J 
(see also Propertv |5 . 3 I below for a characterization of the radical when J has rank 3). Then J is said to be semi-simple 
if Rad(J[) = 0. In this case, a classical result of the theory asserts that JJ is isomorphic to a finite direct product 
Ji x • • • X JJ„i where the are simple Jordan algebras, that is Jordan algebras without any non-trivial ideal. 

Following ll36l and ifTsl . a Cremona transformation / : P"^i - + p"-i is called semi-special if the base locus 
scheme of / is smooth. A Cremona transformation is said to be special if the base locus scheme is smooth and 
irreducible. Thus special Cremona transformations / : P"~i pn-i ^.^jj solved, as rational maps, by a single 
blow-up along an irreducible smooth variety while semi-special Cremona transformations can be solved by blowing- 
up smooth irreducible subvarieties of P"~^, that is there are no "infinitely near base points". In conclusion the semi- 
special Cremona transformations are the simplest objects from the point of view of Hironaka's resolutions of rational 
maps. 

Assume that X, JJ and / are corresponding objects. 

Theorem 4.4. The following assertions are equivalent: 

(i) the variety X is smooth; 

(ii) the algebra JJ is semi-simple; 

(iii) the Cremona transformation f is semi-special. 

Moreover, the classification of the objects satisfying these properties is given in the table below and f is semi-special 
but not special if and only if it is an elementary quadratic transformation associated to a smooth quadric. 



Semi-simple rank 3 
Jordan algebra 


Smooth variety X" c P^"+i, 3-RC 
by cubics, not of Castelnuovo type 


Special Cremona 
transformation 


direct product C x JJ with 
J rank 2 Jordan algebra 


Segre embedding Seg(P^ x Q"^^) 
with Q"^^ smooth hyperquadric 


elementary 
quadratic 


Herm3(Kc) - Sym3(C) 


6-dimensional Lagrangian 
grassmannian LG3(C^) C P^^ 


[x] --^ [x"^] 


Herm3(Cc) ^M3(C) 


9-dimensional Grassmannian 
manifold G^i'C'^) C P^^ 


[x] [x"^] 


Herm3(Hc) ~ Alt6(C) 


15 -dimensional orthogonal 
Grassmannian OG(i{<C^^) C P^^ 


[x] . [x*] 


Herm3(Oc) 


27 -dimensional i?7-variety in P^^ 


[x] . [x*] 



Proof. Semi-special Cremona transformations are classified and they correspond to semi-simple Jordan algebras of 
rank 3, see for example 1311 Proposition 5.6], showing the equivalence between (ii) and (iii). It is known that the 
twisted cubics associated to semi-simple Jordan algebras are smooth and they are described in the table above. We 
proved the remaining implications in lISTl Theorem 5.7]. □ 

4.3. A generaUzation of the X JC-equivalence covering some degenerate cases. In order to formulate our main 
result we did not consider some extremal varieties 3-RC by cubics as well as quadro-quadric Cremona transformations 
equivalent (as rational maps) to linear projective automorphisms. In fact, the X JC-equivalence can be extended in 
order to cover these "degenerated objects" as we shall see briefly in this subsection. 
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4.3.1. Let X"(3, 3) be the set of projective equivalence classes of extremal n-dimensional irreducible varieties X C 
p2n+i (.jj^j. ^j-g by twisted cubics. It is just the union of JC"(3, 3) with the projective equivalence classes of the 
scrolls S'i,...,i.3 (with n > 1) and S'i,....i,2.2 (with n > 1). 

4.3.2. By definition, a norm on a Jordan algebra JJ is a homogeneous form ij e Sym(J*) verifying 77(e) ~ 1 and 
which decomposes as a product of powers of the irreducible components of the generic norm N of JJ, see jJl . Then 

one defines J'ordan^ as the set of Jordan algebras with a cubic norm, which by definition is the set of pairs (JJ, 77) 
where 77 is a cubic norm on the Jordan algebra J. Since a rank 3 Jordan algebra admits a single cubic norm (the generic 

one), J'ordari^ can be considered as a subset of ^ordan^ . A Jordan algebra with a cubic norm is necessarily of 
rank less than or equal to 3 and if the rank is less than 3, then it is isomorphic to one of the following Jordan algebras: 

• the rank 1 Jordan algebra C, denoted by JJ; 

• the rank 2 Jordan algebra of Example l2.3l (l2]l with q = 0, denoted by JJq ; 

• the rank 2 Jordan algebra of Example l2.3l (l2]i with q of rank 1, denoted by JJ". 

The notation Jq is consistent since the 'Jordan algebra' C can be described as in Example 12.31 (|2|l by taking W of 
dimension 0. 

For any n > 1, the algebra Jq admits a unique cubic norm, namely ?7(A, w) = X^. For any n > 1, the algebra J" 
admits a 1-dimensional family of cubic norms. Indeed, the generic norm on JJ" is given by iV(A, w) = + q{w). 
Since q has rank 1, there exits a linear form £ g W* such that g = so that N = with £± (A, w) = X± i£{w) 

for (A, w) G JJ". Then for every nonzero (a, b) 6 C^, T]a,b — {o-£+ + b£^)£+£^ is a cubic norm on J". 

One verifies that modulo isomorphism, Jordan^ \ J'ordari^ consists of the two pairs (Jq , A'^) and (J", rjafi) 
when n > 1, and reduces to (JJ, A'^) when 77, = 1. Let us define Jordan^ as the set of pairs (JJ, 77) verifying the 
compatibility relation in Lemma [l!2l that is the partial derivatives of 77 belong to the ideal generated by the quadratic 
forms defining the adjoint map. Thus when 77 > 1, J'ordan^ is the union of J'ordan^^ with the isomorphism 
classes of (Jq , A^^) and of (J", 771^0)- We shall indicate by J" the Jordan algebra J" with cubic norm 771,0. 

4.3.3. Finally, let us return to the corresponding Cremona transformations to be considered in order to complete the 
picture. Consider the set of normed quadro-quadratic Cremona transformation of P"^^, that is of pairs (/, [rf\) where 
/ = [/i : ■ • • : /„] is a birational map of P"^^ defined by quadratic forms fi and [7;] = C*7; is the class of a non-trivial 
cubic form rj such that there exists a quadratic map G satisfying G[fi{x), . . . , fn{x)) — ri{x)x for every x. Clearly, 
given / £ Bir2.2(P"^^), there exists a unique [77] as above such that (/, [77]) is a normed quadro-quadratic Cremona 
transformation and such that (/, [77]) satisfies the condition of Lemma l3.2l Therefore Bir2,2(P"^) can be considered 
as a subset of Bir2.2(P"^^), which by definition it is the set of pairs (/, [7;]) satisfying the compatibility relation in 
Lemma [3721 One verifies easily that if (/, [77]) 6 Bir2,2(P"^^) but with / not of bidegree (2,2), then (/, [rj\) is 
linearly equivalent to one of the following: 

• (Idpn-i , [£^]) where £ is a nonzero linear form, n > 1; 

• (Idpn-i , [^^^']) where £ and £' are linearly independent linear forms, 77, > 1. 

Then the X JC-correspondence extends: there are bijection extending the ones in the X JC-diagram such that one 
has a commutative triangle of equivalences between the sets introduced above: 



X (3,3)/, 

rojective 

I equivalence / 



isotopy 



Bir2,2(P""^: 



/ linear 
I equivalenc 



For instance, let us explain how to associate an extremal variety 3-RC by cubics in p2"+i to a degenerate element 
(/, [r]]) of Bir2,2(P"~^)- Let F be a quadratic affine lift of /. Then as in section [3.2.11 one defines Xf ^^j^ as the 
Zariski closure of the image of the affine map x [1 : x : F{x) : ri{x)]. This variety belongs to X"(3, 3): we let 
the reader verify that the proofs of section 13.2.11 apply if one takes for G the unique affine quadratic map such that 
G{F{x)) ~ ri{x)x for every x. 

By the way let us remark that for (a, /3) G such that aj3 ^ 0, setting £0^13 = a£+ + I3£-, one associates a 
non-degenerate 7i-dimensional variety in p2"+i to the pair (J", 7/q_^) by defining it as the closure of the image of the 



affine map (A, w) i-^ [1 : A : w : £a,p{^, w)X : —(^a.pi^, w)w : ia,b{X, w)(A^ + q{w))]. However, this vai-iety is not 
3-covered by twisted cubics since the compatibility relation in Lemma [J!2l is not satisfied by r]a,i3- 

In fact, this generalization of the X JC-correspondence does not present a very deep interest since it covers only 
two new cases when n > 1, namely the ones described in the following two tryptics: 

[Sl,...,l,3] [JS] [^1,...,1,2,2] [J?] 




In dimension n = 1, one has 

x\3,3)/proj. = [u3(P^)] , Jordan\/isot. = [C] and BirII(P*')//m. = [(Id,a;^)] 
hence the generaUzed X JC-equivalence reduces in this case to the following trivial tryptic 

(14) [i;3(Pi)] ^ ^ [C] 




[(Idpo,x3)]. 



Despite the very small number of new cases covered by the generalized X JC-correspondence, we inserted this 
extension into the discussion in order to show that the elementary case (fT4l i can be included in the whole picture. 
Moreover, the notion of normed quadro-quadric bimtional map introduced in l4.3.3l will be used also to describe the 
general structure of Cremona transformations of bidegree (2, 2) in the next section. 

5. Further applications 

The theory of Jordan algebras is now well established. We recall some general results on the structure of Jordan 
algebras, focusing especially on rank 3 algebras. 

5.1. Some results on the structure of Jordan algebras. Let JJ be a fixed Jordan algebra of ai-biti-ary rank r > 1. 
For any subset A C J, one defines inductively the subsets A*^") C J for any integer n > by setting ^'^^^ = A and 
j^{k+i) ^ (^('c))2 for every k > 0. \f A is a subalgebra of JJ, the A*^"' form a decreasing sequence of subalgebras 
A = A(^) D A^^^i D D • • • . By definition, A is solvable if A^*' = for a positive integer t. 

If Ii , I2 are two solvable ideals of J, it can be verified that Ii + I2 is solvable too. Since J is finite dimensional, 
the union of all the solvable ideals of JJ is a solvable ideal of J, which is maximal for inclusion and which is called the 
radical of JJ and denoted by Rad(J), or just by R if there is no risk of confusion. 

The notion of solvability introduced above is not the most useful when working with Jordan algebras. Indeed, it 
can occur that for an ideal / C JJ, the subsets J^*^' are not ideals for some fc > 2. Hence it is not possible to construct 
inductively a solvable ideal / from its derived series / = J*^^' D /'■^•' D • ■ • D /('""^^ d = 0. To bypass this 
technical difficulty, Penico introduced in ||29ll the nowadays called Penico's series of an ideal / as the family /I*^!, 
A: > defined inductively by 

/M=J, /W=J and = forfc>L 

The interest of this notion is twofold. First of all, it can be proved that / is solvable if and only if it is Penico- 
solvable, that is if /t"! = for a positive integer s. JVIoreover, /I*^! is an ideal for any fc > 1, see 1291 . 

The notions introduced by Penico are more relevant than the classical ones to describe the structure of Jordan 
algebras. Since R is solvable, there exists a positive integer t > 1 such that = and ^ 0. Since the i?W's 

are ideals in J, the quotients jl*"'! = J/i?!*^! are Jordan algebras for every fc > 1, yielding, for £ ~ 2, . . . ,t, the exact 
sequences: 

(15) ^ j'" j""'' ^ 0. 

Remark that the left hand side in these exact sequences is an ideal with trivial product because ^1 / )^ = 
for every £. In the terminology of Jordan algebras, one says that jl^l is a null extension of J^^"^'. We can now recall 
the following important result: 
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Theorem 5.1 (Albert |[T], Penico ||29l ). 

(1) The quotient = J'^' = J/i? semi-simple, that is Rad(JJss) = or equivalently Jfgs is isomorphic to a 
direct product of simple Jordan algebras. 

(2) The exact sequence of (non-unital) Jordan algebras O^-i?— >J^'Jss^'0 splits: there exists an embedding 
of Jordan algebras a : Iss ^ J such that J = cr(Jss) x R- Moreover the embedding a is unique up to 
composition to the left by an automorphism of I. 

(3) The Jordan algebra J is obtained from its semi-simple part Jss by the series of successive null radical exten- 
sions M5h 

Simple Jordan algebras are completely classified so that the first part of the previous result ensures that the semi- 
simple parts of an arbitrary Jordan algebra can be completely described. The second part says that the structure of a 
general Jordan algebra J is given by its radical R and by the structure of Jgg-module on it. Finally, it comes from (3) 
that the Jordan product on R as well as its structure of Jsg-module can be constructed inductively starting from Jss, by 
successive extensions of a very simple kind. 

Example 5.2. Being associative and commutative, the algebra A = C[e]/{e^) can also be viewed as a 3-dimensional 
Jordan algebra. One has Ra ~ Rad(A) — (e, e^), = (e^) and — 0. Thus the semi-simple part Ass = 
Aj Rad(yl) has rank 1 and is isomorphic to C. 

In the next section, using the X JC-correspondence, we shall state a version of Theorem 15. II for quadro-quadric 
Cremona transformations and for twisted cubics over Jordan algebras. We will use the following facts showing that 
the radical can be determined from the generic norm. 

Proposition 5.3. ( ||38l 0. 15 and 9.10]) For any Jordan algebra J, one has 

Rad(J) = {x&J\N{x + J)^ N{x) }. 

We finish these reminders on Jordan algebras by stating some remarks on the rank 3 case. Assume in what follows 
that J has rank 3 and for x,y S JJ, set 

T{x, y) = T{xy) and xjfy = {x + y)^ — x'^ — y^. 

By Proposition 15 . 3 1 ( see also ||30l ), for a rank 3 Jordan algebra one has 

(16) Rad(J) = {x €l\N{x) = T{xJ) = T{x*J) = 0} = {a; eI\d'^N^ = O}. 
Moreover, it can be verified that for a; G J, the quadratic operator Ux — 2 L'^ ~ iy^2 is given by 

(17) Ux{y)=Tix,y)x~x*#y. 

It follows from (fTST i that T(r, J) = for every r E R. Furthermore, one has a;#y = = d^y{x) for every 

X, y G J. Since /[^l — [//(J) for any ideal /, the Penico series can also be defined inductively by 

=d#(i?[^l) =J#i?['''l = (d#:.(i?['=l)|:r e J). 

Finally, if u e J is invertible, then the quadratic operator L/i"' in the isotope JJ*^"^ is given by C/i"^ = UxUu for 
every element x. Using this, one verifies easily that the Penico series depends only on the isotopy class of J. 

5.2. The general structure of quadro-quadric Cremona transformations. A consequence of the equivalence be- 
tween Bir2,2(P"~^)/e5'iii, ™d J'ordan^ jiaot. is a general structure theorem for quadro-quadric Cremona trans- 
formations, obtained by translating in the C-world the structure results for Jordan algebras presented above. 

The assertions below can be verified without difficulty and their proofs are left to the reader 

5.2.1. The radical. Let / be a quadro-quadric Cremona transformation of P"^i = P(V^) with baselocus scheme 
Bf C P"^^. The secant scheme Sec(S/) of Bj is the cubic hypersurface ViNix)) C P"^^, where N{x) is the cubic 
form appearing in (|2|i. This scheme can be also considered as the ramification scheme of f, the name being justified 
by the fact that the locus of points where the differential of the birational map / is not of maximal rank is exactly 
V{N{x)), see also |10, Section 1.3]. The radical of / is the set Rf of points of multiplicity 3 of Sec(S/) and it has 
a natural scheme structure given by Rf — V{d'^Nx) C P"^^. The support of Rf, if not empty, is clearly a linear 
subspace of P"^^, contained in Sec(;B/), and it is the vertex of the cone Sec{Bf) ~ V{N{x)) C P"^^. We remark 
that Rf can have any dimension between —1 and n — 2 (with the usual convention that the empty set is a subspace 
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of dimension —1). The case when Rf is empty corresponds to the semi-simple case and, at the opposite side, i?/ is a 
hyperplane if and only if N{x) ~ L{xY with L{x) linear form. 

5.2.2. The JC-correspondence in action. Let g be the quadratic inverse of /. Let F, G be some quadratic lifts of /, 
respectively g and let Rp and Rq be the affine cones over i?/ and Rg respectively. According to the X JC-equivalence 
(Theorem 14. It , there exist two linear maps Li, L2 G GL{V) such that F = L^^ o #j o -^2 where #j denotes the 
adjoint map of a rank 3 Jordan algebra JI. Then G ~ Lj^^ ° #1 ° Li and Rad(J) = L2{Rf) = Li{Rg)- It is well 
known that [x + r)"^ — e Rad(JJ) for every x G J and every r e Rad(J), see ll38l for instance. In this setting, this 
gives us the following result. 

Lemma 5.4. If x G V and ifr e Rp, then F{x + r) — F{x) G Rg- 

From the previous Lemma, it follows that F and G pass to the quotient by Rp, respectively by Rg, inducing 
quadratic affine morphisms F : V/Rp V/Rq, respectively G : V/Rg — > V/ Rp. To understand what these maps 
are, let Jss = J/ Rad(J) be the semi-simple part of J, consider Li and L2 as isomorphisms between V and J inducing 
quotient maps Li : V/Rq — Jss and L2 : V/Rp ~ Jss- The following diagram, in which all the vertical arrows are 
the natural quotient maps, is commutative: 



F 




F 



5.2.3. The semi-simple part. Of course, F and G are quadratic maps, each one being the inverse of the other in 
the sense used till now. Indeed, if N is the cubic form such that (|2j holds, it passes to the quotient and induces a 
well-defined cubic form N on V/Rp defined by N{x) = N{x) for x ^ V (where x stands for the class of x modulo 
Rp). Moreover, G(F{x)) = 7V(x) x for every a; G so that the pair (F, [N]) is an element of Bir^{F{V/ Rp)) 
(the pair (F, [N]) satisfies the statement of Lemma l3.2l i. By definition, it is the semi-simple part of F and it is denoted 
by Fgs. In practice, one identifies Fgs with F, which is not a big deal since the cubic form N is always (essentially) 
determined. 

Example 5.5 (continuation of Example 15.2) . The adjoint and the generic norm in A — C[e]/(e'^) are given by 
(a, b, c)'^ = (a^, —ab, — ac) and N{a, b, c) = if (a, b, c) stands for the coordinates of an element of A relatively 
to the basis (l,e,e^). The semi-simple part of is the quadratic map a 1— > a^, which is a lift of the normed 
quadro-quadratic map (a^, [N]) where N is the cubic norm on Ass induced by the generic norm of A, i.e. N{a) ~ 
N{a, 0, 0) = for every a e Ass ^ C. 

We define the semi-simple rank rss (J) of a Jordan algebra J as the rank of its semi-simple part Jss = J/ Rad(J) and 
the semi-simple dimension dimss(J) = dim(Jss). These notions are invariant up to isotopies so that we can define the 
semi-simple rank rss(/) = rss{F) of / G Bir2,2(]P(^^)), respectively the semi-simple dimension dimss(/) (or of any 
affine lift F G Sym^{V*) (g) V of /), as the semi-simple rank of the associated isotopy class [J/] of Jordan algebras, 
respectively as the semi-simple dimension of [J/]. In this way two new invariants (relatively to Unear equivalence) 
of quadro-quadric Cremona transformations naturally appear Let us see how these definitions work in the simplest 
cases. 

Example 5.6. Modulo Unear equivalence there are exactly three equivalence classes of quadro-quadric Cremona 
transformations on P^, corresponding to the three isotopy classes of cubic Jordan algebra of dimension three. Let us 
summarize the JC-correspondence and the semisimple parts of these three classes in the following table: 
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Semi-simple 


Algebra 


Cremona transformation 


Semi-simple 


Semi-simple 


Norm 


rank rgs 


If 


/ : P2 — ^ p2 


part of J/ 


part of / 


N 


1 




(xf , -~XiX2,xl - X1X3) 


C 


xl 


xl 


2 




{xl,XiX2, -XiX'i) 


C X C 


{xl,XiX2) 


X x^ 


3 


C X C X C 


{x2Xz,XiX'i,XiX2) 


C X C X C 


(0:2X3, a;ia;3,a;iX2) 


XIX2X3 



5.2.4. Classification of the semi-simple part. Since a semisimple Jordan algebra is a direct product of simple ones 
and since the classification of all simple Jordan algebras was obtained by Jacobson, see [20|, the JC-correspondence 
provides the complete classification of the semisimple parts of quadro-quadric Cremona transformations, yielding the 
following result. 

Proposition 5.7. Let F : V ~¥ V be a lift of a normed quadro-quadric Cremona transformation f : ¥{V) ¥(V). 
Then 

(1) F is semi-simple (ie. F — Fgs) if and only if f is semispecial; 

(2) if F is semi-simple, then f is linearly equivalent to one of the quadro-quadric Cremona transformations listed 
in the third column of the table below. 



Semi-simple 


Semi-simple 


Ambient 


Semi-simple part 


rank r^^ 


dim. diniss 


space V 


F 


N 


1 


1 


C 




X^ 


2 


1 + dim(Vl^) 


£®W 


{X,w) ^ (A^-Aw) 


X{X' + q{w)) 


2 


2 


C X C 


(p,A)^(A-^pA) 




3 


2 + dim(VK) 


C X (C ® ly) 


{p, A, w) 1 — > (A^ + q{w), pX, -pw) 


p{X' + qiw)) 


3 


6 


Sym3(C) 


M 1 — > Adj(M) 


det{M) 


3 


9 


M3(C) 


M 1 — > Adj(M) 


det(M) 


3 


15 


Alt6(C) 


M 1 — > M* 


Pf(7\f) 


3 


27 


HGrm3(0(g)C) 


M 1 — > M* 


cf © 



p' 



Table 1 . Explicit classification of semi-simple parts of Cremona transformations of bidegree 
(2, 2). In this table, q stands for a nondegenerate quadratic form on a non-trivial vector space W, 
Adj(M) is the usual adjoint matrix while 7\f^ is the adjoint in the corresponding algebra; det(M) 
is the usual determinant while Pf (A/) is the Pfaffian of an antisymmetric matrix; the last line is ex- 
pressed using the general formalism of the theory of Jordan algebras (see section [273] and also Table 

US). 

As an application of the previous Proposition, we deduce two classification results. Let us recall that a homogeneous 
polynomial P G C[xi , . . . , x„] is called homaloidal if the associated polar map 

' dP dP' 

dxi dxn^ 

is birational. Let notation be as in Section [SXTl and set Bp = Bp> = V{-§^, . . . , ^) C P"^^. Assuming that P' 
has bidegree (2, 2), we know that there exists a cubic form N such that V{N) C P"'i is the secant scheme of Bp. 
Let us remark that since P' is birational, the partial derivates of P are linearly independent so that V{P) C P"^i is 
not a cone. In particular if P has degree three, then it is necessarily a reduced polynomial. We first classify reducible 
homaloidal polynomials of degree three defining quadro-quadric Cremona transformations. 

Corollary 5.8. Let P be a cubic homaloidal polynomial in n > 3 variables such that P' is a quadro-quadric Cremona 
transformation. If P is reducible, then one of the following holds: 

• V{P) — Sec{Bp) and P is linearly equivalent to the norm of the semi-simple (but not simple) rank 3 complex 
Jordan algebra of the fourth line in Table 1 above; 

• V{P) ^ Sec(Bp) and V{P) is the union of a smooth hyperquadric in P"~i with a tangent hyperplane; in 
some coordinates, one has P(x) = xi{x\ + • • • + — xiXn) and N{x) = x\. 



Proof. If P is the product of three distinct Hnear forms, then necessarily n = 3 and we are in the first case, see also 
the third case in Example l5.6l 

Suppose that P is the product of a linear form I with a quadratic form q. Without loss of generahty we can assume 
£ = xi. Let Q — V{q) C P"^^. There is an inclusion of schemes V{xi) f^Q C Bp from which it follows that V{xi) 
is contained in the secant locus scheme of Bp so that it is contracted by P' and xi is an irreducible factor of N{x). 

If the hyperquadric Q is also contracted by P', then it is necessarily a cone with vertex a point and we can suppose, 
modulo constants, N{x) = xiq{x) = P{x). Since V{N) — V{P) C P"^i is not a cone, the rank 3 Jordan algebra 
Jp/ has trivial radical by Proposition |5 . 3| hence is semi-simple. Since N = P is reducible, I pi is not simple hence we 
are in the case corresponding to the fourth line of Table 2. 

Finaly, if Q is not contracted by P', then it is a smooth hyperquadric. In this case the hyperplane V{xi) C P"~'^ 
is necessarily tangent to Q at a point (otherwise Bp would be a degenerated smooth quadric Q"~^ C P"~^, which 
is impossible) and we are in the second case. In the isotopy class [Ip'] we can choose a representative such that 
a;* = {xi, —X1X2, ■ ■ ■ , —xiXn-i, X2 + --- + x'^_i — xiXn) and N{x) — xf. □ 

Following IIT4I . we will say that a homogeneous polynomial P G C[a;i , . . . , x„] such that det(Hess(ln P)) 7^ is 
EKP-homaloidal if its multiplicative Legendre transform P^ is again polynomial. In this case P* is a homogeneous 
polynomial function too and dcg(P) = deg(P^), see also [17J where this condition was investigated and studied. By 
the preliminary results of 1 17 1, a iJXP-homaloidal polynomial is homaloidal and, after having identified C" with its 
bidual, we have 

P' P' 

(19) _±o- = /dc.. 

Therefore such a i^ii'P-homaloidal polynomial of degree d defines a Cremona transformation of type (d, d). If 
moreover d = 3, it follows from ( fT9] ) (combined with ([3])) that we have V{N) = V{P), that is V{P) is the ramification 
locus scheme of P'. On the contrary as we shall see in the proof of Corollarv 15 . 91 below, if P is a homaloidal cubic 
polynomial such that V{N) = V{P), then it is E'i^P-homaloidal. Note that the EKP condition defined above is not 
satisfied by the reducible polynomials of the type described in the first case of Corollarv 15.81 where V{N) is a cubic 
hypersurface supported on the tangent hyperplane. 

Corollary 5.9. Let P be a homogeneous polynomial in n > 3 variables. The following assertions are equivalent: 

(1) P is a cubic EKP-homaloidal polynomial; 

(2) P is homaloidal, P' has bidegree (2, 2) and V{P) = V{N); 

(3) P is the norm of a semi-simple rank 3 complex Jordan algebra. 

When these assertions are verified, P is linearly equivalent to one of the norms in the last five lines ofTable \5.2.4\ 

Proof. We have seen before that (1) implies (2). Assume that the latter is satisfied by P. Since P' has bidegree 
(2, 2), the JC-correspondence ensures that (modulo composition by linear automorphisms), one can assume that 
P' is nothing but the adjoint map of a rank three complex Jordan algebra noted by JJp. Since P is homaloidal, 
V{N) — V{P) C P"^i is not a cone. By Proposition 15. 31 this implies that the radical of Jp is trivial. Thus Jp is 
semi-simple and the conclusion follows from the classification recalled in Table 2. □ 

Remark 5.10. For n = 3 the two examples described in Corollarv 15.81 modulo linear equivalence, are the unique 
homaloidal polynomials by a result of Dolgachev without any assumption on deg(P) and/or on P', see lfl4l Theorem 
4]. For n = A there exists irreducible homaloidal polynomials of degree 3 whose associated Cremona transformation 
is of type (2,3). One such example is given by the equation of a special projection of the cubic scroll in P"' from a point 
lying in a plane generated by the directrix line and one of the lines of the ruling, see 111] for details and generalizations 
of this construction. For n > 4 there exist irreducible homaloidal polynomials of any degree d > 2n — 5, see [11 J. 

More related to the above results is a very interesting series of irreducible cubic homaloidal polynomials commu- 
nicated to us by A. Verra. The associated polar map is an involution and hence of type (2, 2) but the ramification locus 
of these maps is different from the associated cubic hypersurface. The construction of these polynomials is described 
in m but the details about the geometry of their polar maps will be probably treated elsewhere. 

5.2.5. The general structure of quadro-quadric Cremona transformations. In this section, we translate Theorem 
15. II into the C- world as explicitely as possible. We continue to use the notation introduced in l5.2.2l 

It will be useful to denote by Vp (respectively Vg) the space V considered as the source space of the map F 
(respectively G). If A/ is a subset of P(Vp), we will denote by Ap the affine cone over A/ in Vp and we shall use the 
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analogue notation for subsets in P(T^) and in Vq- One denotes by Vp, respectively Vq, the quotient space Vp/Rp, 
respectively Vg/Rg, ™d by tt/ : P(Vf) ^{Vp), respectively iTg : P(Vg) P(Vg), the rational map induced 
by the canonical linear projection. 

The interpretation of part (1) in Theorem |5.1| has been explained in Section |5.2.2| see also part (1) in Theorem |5.14| 
below for a precise statement. In order to reinterpret part (2) and (3) of Theorem |5.1| it is necessary to introduce some 
notions and to recall some definitions. 

Let Str(/) be the structure group of / (or rather of F) defined as in ll38l Section 1.1]: by definition, Str(/) is the 
set of linear automorphisms 9 E GL{Vp) such that F o 9 = 6"^ o F for a certain 6*^ e GL{Vp). Of course, Str(/) 
depends only on / and one verifies that it is an algebraic subgroup of GL{Vp). Moreover, since / is invertible, 0^ is 
uniquely determined by 6 and one verifies easily that the map 6* i— > 6** is an isomorphism of algebraic groups from 
Str(/) ontoStr(5). 

Example 5.11 (continuation of Example 15.21 1. The structure group of F : {a,b,c) {a?, —ab,b'^ — ac) is the 
subgroup of invertible triangular inferior complex matrices {rriij)^ whose diagonal entries satisfy mumss = 
(to22)^. Since F o F{a, b, c) — a^{a, b, c), the map H> 6''^ is an automorphism of Str(F). It is given by 

/ 2124 \ 

9 3 





m33 




m22 rn2i 
"133 



m22 



V 



m22 ™31+™21 "^33 
"133 



™22(-™22™32+2 m2im33) 
"»33 



Inspired by l38l Section 9], we define an ideal of f as a pair {If,Ig) of projective subspaces If C P(Vf) and 
Ig C P(Vg') (necessarily of the same dimension) such that 

(20) jf{x + Ip) - jf{x) C Ig and jg{y + Ig) - jg{y) C Ip 

for X £ Vp and y E Vg generic, where jf : Vp Vg and jg : Vg Vp are the rational maps considered 
in Section [3.2.21 In this case, jf and jg factor through Ip and Ig and their associated projectivization / and g are 
(normed) quadro-quadric Cremona transformations such that the following diagram commutes: 

(21) nvp)^ "p(i^) 

^ - - - - " 

/ 

Y Y 

V{Vp/Ip) ^ P{Vg/Ig)- 

^ — — — 

If {If,Ig) is an ideal then f(^{x,If)'j = {f(x),Ig) for generic x in P(V/). This implies that Ig is completely 
determined by // and vice-versa. Thus we can say that // C P{Vp) is an ideal of / and that Ig C P(Vg) is an ideal 
of g. We will say that If and Ig are corresponding ideals. 

An ideal // C P(Vf) is radical if If C i?/. It is equivalent to the fact that Ig C Rg. Although the definition 
of ideal of a / as above was formulated in the affine setting, there is a projective characterization of radical ideals. 
If Ef and Eg are two projective subspaces of P(Vf) and P(Vg') respectively, one defines df{Ef) C P(Vg) as the 
projectivization of dFvp (Ep) ~ F{Vp, Ep) C VgQ and in the analogue way one defines dg{Eg) C ¥{Vp). 

Proposition 5.12. Assume that Ef C Rf and Eg C Rg. Then the following assertions are equivalent: 

(1) Ef and Eg are corresponding radical ideals for f and g respectively; 

(2) one has df{Ef) C Eg and dg{Eg) C Ef. 

Proof. Let Pf : Vp ^ End(VG', Vp) and Pg : Vg — > End(yF, Vg) be the quadratic maps considered in Remark 
13.51 For any subset Ag C Vg, one defines Pf{AG) C Vp as the span of the images of Ag by the maps Pf{x) for x 
varying in Vp. We use the corresponding notation for Pg{Ap) with Ap C Vp. 

Adapting ( fTTI ) to our setting and using ( fT6b . we deduce that Pf{Ep) C Eg (resp. Pg{EG) C Ep) if and only if 
dF{Ep) C Eg (resp. dG{EG) C Ep). Proposition 9.6 of f38l . translated in our setting, ensures that Ef and Eg are 



'when dFvp (Ep) = 0, one sets df{Ef) = 0. 
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corresponding ideals if and only if Pf{Ep) C Eq and Pg{EG) C Ep, proving the equivalence of conditions (1) and 
(2). □ 



Given a (normed) quadro-quadric Cremona transformation /, any quadro-quadric Cremona map / inducing / on 
the quotient by the corresponding radical ideal If C Rf and Ig C Rg will be called a radical extension of / by // 
(or by {If,Ig)). This (radical) extension is null if the restriction of / to a generic fiber of the canonical projection 
P(Vp) P(Vf /If) is equivalent (as a rational map) to a linear map. 

Example 5.13 (continuation of Example 15.2) . Let / be the projectivization of the map F : C'^ — J- C"^ defined by 

F{a, b, c) = (a^, —ab, — ac), that is nothing but the adjoint map of the algebra C[£]/(£'^) expressed in the basis 
(1, e, e^). Then / is a null radical extension of the normed quadro-quadric Cremona transformation / : P^ 
defined as the projectivization of the quadratic map F : (a, b) i— > (a^ , —ab) with associated cubic norm N{a, b) = a^. 

Let us define inductively a family of projective subspaces of P(Vf) and P(Vg) by setting i?^ ' — Rf, r\^'^ — Rg 
and 

i?f +^1 = dg(4'=l) C F{Vf) , = C P{Vg) for k > 1. 

By definition, (i?j^')fc>o is the 'Penico series' of /. It follows from Proposition l5.12l that this is a decreasing 
series of radical ideals of P(V/). Moreover, and R^^^ are corresponding ideals for every fc > 1. Then, passing to 
the quotients, the map / induces a normed quadro-quadric Cremona transformation 

f[k] . p(yW) ^P^G^) 

for every fc > 1, where Vp^ and V^''' stand for the quotients spaces Vp/R^p and Vg/Rq^ respectively. 

We can now state the 'C-version' of Theorem l5.1l 
Theorem 5.14. 

(1) The Cremona transformations f and g factor through Rf and Rg: there are semi-simple (normed) quadro- 
quadric Cremona transformations f andg such that the following diagram commutes 

nvp)" ""nvG) 
I ~ ^ ^ - " I 

y ^ _L ^ i 

FiVp)" ^ "p(Fg). 



(2) There exist linear embeddings af : P(Vf) '-S- V{Vp) and Ug : P{Vg) ^ V(Vg) whose images are linear 
spaces supplementary to R f and Rg respectively, such that the diagram below commutes: 





Moreover, the pair (af, Ug) is unique modulo the action of the structure group given by 



7- = (7 0crj,7'5 



for 7 e Str(/). 
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(3) The radical Rj of f is solvable: there exists t > Q such that is empty. Moreover, /I^' is a radical 

null extension of f^^~^^ for i = 2, . . . ,t so that f can be obtained from its semi-simple part f by the successive 
series of non-trivial null radical extensions represented by the commutative diagram 

- ^ v(yp) 

Y 

— [£] — 

where all the horizontal maps are the ones induced by the canonical linear projections Vp Vp 

Example 5.15 (continuation of Example 15.2) . We apply the third part of the previous result to the projectivization 
/ of the adjoint map F{a, b, c) = (a^, —ab, b^ — ac) of ^ = C[e]/ (e^). The associated Penico series is = i?^^' C 
Rf = P(e2) c R^ = PRa = P(e, e^). Hence one has /^l = /, /[^l = / (see ExampleO and /I^l : pi --^ pi is 
nothing but the normed quadro-quadric Cremona transformation / of Example [5. 131 

We also point out an immediate consequence of the previous result in the affine setting. 

Corollary 5.16. Let F be an affine lift of a quadro-quadric Cremona transformation f. Set R = Rp and V = V/R. 
Then F is linearly equivalent to a quadratic map of the form 

V®R — ^ V®R 

{x, r) ^ T{x, r) + .^{r)) 

where 

- F is the semi-simple part of F (so is equivalent to one of the quadratic maps in Table \5?ZA]l : 

- J- : V X R ^ R is a bilinear map; 

- ^ : R ^ R is a quadratic map such that o = Ofor another nontrivial quadratic map 'i^ : R ^ R. 

Moreover, f is a null extension of its semi-simple part if and only if the quadratic map ^ vanishes identically. 

Example 5.17 (continuation of Example 15.21 1. Let us consider again the quadratic map F{a, b, c) = (a^, —ab, b^ — 
ac). With the notation of the previous corollary, one has = ^4 = C[e]/(e^), V = CI, R ^ e A ~ , F(a) = a^, 
T{a, (6, c)) = {-ab, -ac) and ^{b, c) = (0, b^) for every (a, b,c) eV = C^. 

5.3. The general structure of twisted cubics over Jordan algebras. In this section, X c p2"+i stands for a fixed 
element of X"(3, 3) with n > 3. According to the 'X J-correspondence', one can assume that there exists a rank 
3 Jordan algebra J of dimension n such that X = Xj. In what follows, we will write ^2(1) = C ® J © J C for 
simplicity and (a, x,y,f5) will stand for linear coordinates on Z2 (J) corresponding to the decomposition in direct sum 
of the complex vector space Z2 (J). According to our hypothesis, X is the closure of the image of the affine embedding 
/i = /ij : J ^ PZ2(J) : X ^ [1 : X : x"^ : N{x)] considered in Section ITTI Moreover, there exists a family Ex of 
twisted cubics included in X, which is 3-covering and unique. 

In order to state the 'X-version' of Theorem lS.ll we shall introduce some terminology and recall some preUminary 
results. 

5.3.1. The conformal group. The structure group Str(JJ) of J is the algebraic subgroup Str(#ji) of GL(J) associated 
to the adjoint map of JJ defined in Section l5.2.5l above. It can be verified that there exists a non-trivial character j 1-^ rj-^ 
on Str(J) such that N{'^{x)) — ri^N{x) for every J and every 7 G Str(J). Then one defines the conformal group of 
J, denoted by Conf (J), as the subgroup of the group of affine birational transformations of JJ generated by Str(#ji), 
by the inversion j : x ---^ x~^ and by the translations i^j : x 1—?' x + w (with w G J). 

The projective representation p : Conf (J) — > PGL{Z2{I)) is defined in the following way: 
pU) ■ ^[/3 : y. X : a] 
P{l) • 6* = [a : 7(x) : 7#(y) : -q^jS] 
and p{tw) ■ 9 — [a : X + aw : y + x#w + aw* : /3 + T{y, w) + T{x, w*) + aN{w)] 



P(Vf) - 



-fit] 



I 

Y 



V' 



Y 

p(Fi'i) 
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for every 9 = [a : x : y : 13] £ FZ2{I), 7 G Str(J) and w G J. It can be verified that p{j) ■ ^ ^ ^oj, p{j) -^ = ^07 
and p{t^) ■ fi — pot^ for every structural transformation 7 and every translation t^. This implies that the image of p 
in PGL{Z2{I)) is contained in the group Aut{X) of projective automorphisms of X. 

Proposition 5.18. The representation p : Conf(J) — > PGL{Z2{^)) is faithful and p(Conf(J)) = Aut{X). 

Proof. Let ip G Ant{X). Being projective, it induces an automorphism of J^x, again denoted by (p. The twisted 
cubic Co — {[s^ : s'^te : st^ e : t^] G PZ2(J) | [s : G P^} is included in X and passes through the three points 
Ox = /x(0) = [1 : : : 0], ex = ^(e) = [1 : e : e : 1] and oox = p{oo) = [0 : : : 1] of X. Since 
Conf(JJ) acts transitively on generic 3-uples of points in X (see ll3Ti Proposition 4.7] for instance), it comes that the 
orbit r = Conf(J) • Cq of Cq is dense in the 3-covering family Ex of cubics included in X. Thus there exists 
C G r such that p{C) G F and, modulo compositions on the left and on the right by conformal automorphisms of 
X, we can assume <y5(Co) — Cq. Moreover, since the subgroup of conformal transformations of X fixing Co acts as 
Aut(Co) ~ PGL2{C) on Co ~ P^, we can also suppose that cp fixes the points Ox and oox of Co- It follows that (f 
induces an automorphism of the subfamily Sx of Sx formed by the twisted cubics included in X and passing through 
Ox and oox- 

Let us denote by and the abstract tangent spaces of X at Ox and oox respectively. The differential 
(po = dipo^ (resp. ipoo = dipoox) of p at Ox (resp. at oox) is a linear automorphism of V'^ (resp. of V^). Then 
reasoning as in the proof of Theorem [TT] we deduce that {ipQ, ipoo) is an automorphism of the Jordan pair {V'^, V^) 
constructed there. Taking u = cxp^^(ex) G V~ as invertible element (see the notation at the end of the proof of 
Theorem |3.7| ). one obtains that = JJ as Jordan algebras. It follows then from ll24l Proposition 1 .8] that ip^ G Str(J) 
and ipoo = ift)'^- 

Let us now prove that the action of ipo ~ p(po) on X coincides with that of p. Let x E X he a general point. By 
hypothesis, there exists a twisted cubic Cx G Sx passing through x that is unique according to ll33ll or |f3T Theorem 
2.4 (1)]. This implies that the tangent map Sx — > P(y^) that associates to Cx its projective tangent line at Ox is 1-1 
onto its image. In particular, this gives us that (p{Cx) — V'o(Ck)- Since p^x = f\c^- Cx ~^ p{Cx) is a projective 
isomorphism that lets Ox and oox fixed, it is completely determined by its differential at one point, for instance at 
Ox- Since d[p)ox — d{^po)oj^ — ipo, this shows that ipx and tpo\c^ coincides so that tpo{x) = Px{x) — p[x). 
From the generality of x £ X, we deduce that p = ^/^o. Since i/^o = p{po) with p^ G Str(J), this gives us that 
p(Conf (JJ)) = Aut(X). 

Finally, let v G Conf(J[) such that p{v) — Idx- From p — p{v) ■ p = p o v one gets that x = t/(a;) for a; G J 
generic, that is = Idj. Thus p is faithful and the result is proved. □ 

A different proof of the previous result is given in ITSl for the case when JJ = Herm3(Oc). The proof therein 
clearly applies to all twisted cubics over semi-simple rank 3 Jordan algebras but it is not clear wheter it can be applied 
to the general case. We have included the proof above because we were unaware of any proof of Proposition 15 . 1 81 in 
the Hterature, despite this result is certainly well-known to the experts of this field. 

Remark 5.19. The proof of Proposition ^ .181 also shows that the subgroup of projective automorphisms of X fixing 
two (resp. three) general points of X is isomorphic to the structure group (resp. to the automorphism group) of the 
Jordan algebra JJ. This is related to the considerations in Remark [3.3.2l 

5.3.2. The radical and tlie semi-simple part. We use again here some notation and construction introduced in the 
proof of Theorem l3.7l a;"'' and x" are two general points on X such that X is 1-RC by the family of twisted 

cubics included in X passing through x~^ and x~ . For a — ±, one defines a rational map F"' : V^"^ by 

setting 

for V G V"', where : P^ — > X is the projective parametrization of a twisted cubic belonging to 'Sx+x- such that 
a^(0 : 1) — x" , : 0) = x^"^ and da'^,{s : l)/ds\s=o= v. The map F°' is homogeneous of degree -1 and 

F'^ o F"'^ = Idy^ for every a = ±. Thus the associated projectivization f : P(y ) V{V^'') of F'^ is a 
Cremona transformation with inverse J""' : P{V^°') F{V"'). It can be verified that has bidegree (2, 2) and 
that it is nothing but the map px.x^ defined in Section [33] (up to linear equivalence). 

Let Rf^ C P(y°') be the radical of f"' as defined in Section l5.2.1l Since P(y^) identifies canonically with the 
projective quotient Tx'X/ {x'^), one can define the cone Rx" C Tx'X over Rj,, with vertex x'^ (alternatively, Rx" 
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can be defined as the closure of the radical Rpa c of F"^ in the natural affine embedding C T^^X). By 
definition, the radical Rx+x- of X relatively to the pair (a;+, x^) is the direct sum of Rx+ and Rx- in p2"+i: 

Rx+x- = © i?.- C T,+ X ® Tx-X = (X) - p2"+i . 

A straightforward verification proves the following result. 

Lemma 5.20. The radical Rx+x- does not depend on the pair (x+ , x'^ ) but only on X. 

We can thus define the radical of X as the projective subspace Rx = Rx+x- C p2"+i for any generic pair 
(x+j of elements of X. If r is the dimension of the radical of J then Rx is a projective subspace of dimension 
2r — 1 in p2"+i that is projectively attached to X, that is one has ip{Rx) ~ Rx for every (p G Aut{X). 

The preceding definition of the radical of X makes quite explicit the link with the corresponding notion in the 
C-world (hence in the J-world). Notwithstanding we think it is interesting to provide a purely projective definition of 
Rx- To this end, we first remark that since two generic projective tangent spaces of X are in direct sum, X C p2"+i 
has the secant variety (j{X) filling the whole space by Terracini Lemma, i.e. a{X) = p2n+i Moreover X is also 
tangentially non-degenerate, i.e. the tangent variety t{X) C p2"+i of X, defined as the closure of the union of the 
lines tangent to the smooth locus of X, is a hypersurface in p2"+i. 

Lemma 5.21. The tangent variety t{X) is the hypersurface in p2"+i cut out by the irreducible quartic fonn 

Q(a, X, y, 13) = T{x*,y*) - l3N{x) - aN{v) - ^{T{x, y) ~ a^f. 

Proof. Since t{X) is irreducible and singular along X and since (y{X) ~ p2n+i^ ^vg have deg(T(X)) > 4. Indeed, if 
deg{T{X)) = 2, then X C p2"+i would be degenerated being contained in Sing(r(X)). If deg(T(X)) = 3, then the 
secant variety of X would be contained in t{X) because t{X) is singular along X. Since V{Q) C p2"+i is a quartic 
hypersurface to prove that Q is irreducible and that t{X) = V{Q) it will be sufficient to show that t{X) C V{Q). 

The quartic form Q is invariant for the action of the conformal group of X on p2"+i (the proofs given in IfTSl or 
in |[T2i Section 7] concern a priori only the semi-simple cases but can be applied in full generality). Since the orbit of 
Qx & X under the action of Aut(X) is Zariski-open in X, it is enough to prove that a line in p2"+i tangent to X at 
Ox is included in V{Q). A point of such a line has homogeneous coordinates py — (1, e + w, e + e^v, 1 + T{v)) with 
G JJ. A straightforward (but a bit lenght) computation implies that Q{pv) — for every v, proving the result. □ 

Proposition 5.22. The tangent hypersurface t{X) is a quartic cone of vertex Rx- 

Proof. It follows from ( fT6l ) that for any rx^Vy £ R = Rad(J), one has Q{a, x -\- rx,y + ry, 13) = (5(a;) for every 
u! = {a, X, y, 13) e Z2(J). This proves that Rx is included in the vertex V{d'^Q) of V{Q) = t{X). 

Conversely, let {dxi , ■ ■ ■ , dx„) (resp. {dy-^ , ■ ■ ■ , dy^)) be the system of partial derivatives naturally associated to 
a system of linear coordinates on the first (resp. on the second) JJ-summand of Z2{J). The relations d'^d^Q{uj) = 
da9pQ{Li>) — imply that a — (3 ~ Q. The set of relations dadx-x^Qi'^) = —dxidxjN{x) = 0,i,j = 1,. . . ,n, can 
be summarized by d'^Nx = 0, that is x € R = Rad(JJ) according to ( fTSI l. Arguing similarly for y, one obtains that 
(PQoj — implies that cj = (0, x, y, 0) with x,y G R. This proves that the vertex V{d'^Q) of t{X) is included in Rx 
and finishes the proof. □ 

In what follows, let J = Jss ffi ^ be the decomposition given in point (2) of Theorem |5.1| where the embedding of 
Jss — J/R ^ J has been fixed once for all (hence is not indicated to simplify). A straightforward verification gives 
that Rx is nothing but the projectivization P(0 © i? ® i? © 0) C PZ2(J). Hence setting pss — MJaa ^^d Xgs ~ Xj^^, 
we obtain the commutative diagram 

^XC PZ2(J) 
I 

I "^n-x 

y 

where stands for the canonical linear projection J Jss = S/R and where ttux denotes the restriction to X 
of the linear projection PZ2(J) PZ2(Jss) from the radical Rx of X. Since tth is surjective, this shows that 
ttrx {X) = ^ss- By definition, X^s is the semi-simple part of X. 

We have the following result, based on the classification of smooth varieties X e X(3, 3). 
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Proposition 5.23. The semi-simple part X^s of X belongs to X{Z, 3) and is smooth. Moreover 

- '"ss(J) = 3 if and only if Xgs G 3) hence is one of the varieties of the table ofTheorem \4.4\ 

- '"ss(J) = 2 if and only if Xgs is a scroll 5i...i22 of Si, ,,13 (in particular, dhn(X) > I); 

- fssO) = 1 if and only if Xss is the twisted cubic v^ilP^) C P"^. 

Example 5.24 (continuation of Example 15.2) . The radical of the cubic curve Xa C FZ2 (A) — P over A = 
C[e]/ (e'') is the 3 -dimensional linear subspace Rxa — {[0 : r : r' : Q]\r,r' E Ra} C P^. The projection from Rxa 
induces a dominant rational map from Xa onto the twisted cubic curve (P^ ) C P'' which is thus the semi-simple 
part of Xa- 

Example 5.25. Let He be the complexification of the (real) algebra H of quaternions. Then He can (and will) be 
identified with the complex algebra M2(C) of 2 x 2 complex matrices. For M G He, let M stands for the adjoint 
M — T(A/)Id. By definition, the algebra of (complex) sextonions is the vector space §c = He ® M2xi(C) together 
with the product defined by {M,u) ■ {N,v) = {MN,Wv + Nu) for M,N G He and w, u e M2xi(C), see [|22ll39| . 
This algebra can be embedded in the complexification Oe of the octonions so that it is alternative and it has an 
involution given by {M,u) = (M, —u) for {M,u) £ Sc. One then defines the algebra HGrm3(§c) (see Example 
12.31 (13])), which is a rank 3 Jordan algebra of dimension 21. 

The cubic curve X = ^Hcrm3(s,c) C P'''' over Herm3(Se) is singular along a smooth 10-dimensional quadric 
hypersurface, which spans the radical Rx of X. Thus dim(i?x) = H (see [i22, Corollary 8.14]). The semi-simple 
part of XHcrm3(S) IS the orthogonal grassmannian variety XHcim3(Hc) OGe{C^^) C P"^^. 

5.3.3. Radical ideals and extensions. Let 7 be a proper projective subspace of P^"+^ and denote by ttj : p2"+i 
P™ the linear projection from /. By definition, 7 is a radical ideal for (or of) X if 7 is included in the radical Rx of 
X and if the restriction of tt/ to X, again denoted by ttj, is such that ■7Tj{X) = X is still 3-RC by twisted cubics and 
extremal. Since Xss G X(3, 3), Rx itself is a radical ideal for X. 

Let / C J be a radical ideal of the Jordan algebra J. Then JJ = J// is a cubic Jordan algebra hence one can define 
the associated twisted cubic Xj C P^2(J) G X(3,3). Then J = P(0©/®/©0) C PZ2(J) is a radical ideal of Xj. 
More generally, the image of such a J by any element of Conf (X) is again a radical ideal for X. 

Proposition 5.26. Any radical ideal of X comes from a radical ideal of 2 by the construction presented above. 

Proof. We continue to use the notation introduced above for X and the tilded versions of these will stand for the 
corresponding notation for X. 

Let F C p2"+i be a non-trivial radical ideal for X. Let and be two general points on X. For cr = ±, 
one denotes by tt"' the differential of ttj at x'^: since x'^ is general, it is a well-defined surjective linear map from 
V"' onto V'^ whose kernel I"' has dimension i. We want to prove that / = (/+, /~) is an ideal of the Jordan pair 
V ={V+,V^) such that V/I ^ {V+/I+, V-/I-) is isomorphic ioV = (V+ , V-) (as Jordan pairs). 

Let S (resp. E) be the 3-covering family of twisted cubics on X (resp. on X). Then for C G S general, its image 
TT][{C) by the linear projection ttj is an irreducible rational curve of degree < 3 included in X. Since the family 
7rir(E) = {7rj(C)}c6S is also 3-covering, it comes from 1 33. Lemme 2.1] that 7rj(S]) = S. Since x^ and x^ are 
general points of X, we deduce 7rjf(Ej.+2,- ) = {tt][{C) \C G S^j+^-j = E^+j-. Letv G V"' be such that F"' and F'^ 
are defined at v and v = Tr"'{v) respectively. Let a^, : ^ X he the projective parametrization of the twisted cubic 
element of S^j+k- such that dav{s : l)/ds\s=o= v (see Section l5.3.2l ). Then a„ = ttj o : P^ — > X is a projective 
parametrization of a twisted cubic in X such that ai,{0) — 5:°', ay{oo) = x^'^ and dav{s : l)/ds\s=o— 7r°'(w) = v: 
with the notation of Section [5.3. 21 one has cty = a^. This implies that F°' o -k" = ir^"' o F"' for cr = ±. Taking 
total derivatives, one obtains d{F'^)^a(^.-^ o t:" = t:^" o dF'^ . Combined with the fact that F^" o F" = lAy and 
F^" o F'^ = Idy,,, this gives that for v <eV" general: 

= d{F^'^)^-„oF''{v) OTT^'^ 

By density, this series of equahties implies that for cr = ±, one has 
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for every v G V"', where P"' and P'^ stand for the quadratic operators of the Jordan pairs V and V respectively (see 
Remark [33] l. According to Definition 1.3 in 1241 . this means that tt = (7r+, 7r~) : F — s- F is a surjective morphism of 
Jordan pairs. Consequently, ker(7r) ~ ( J+ , /~ ) is an ideal of V and V/I c^V. For a — ±, let I'^ be the closure of 1°^ 
in V"' C Tx^X C p2"+i. We let the reader verify that the radical ideal I from the beginning is nothing but the direct 

sum 7+ © C T^+X ®T^-X ^ p2n+i^ concluding the proof. □ 

If JT C p2"+i is a radical ideal for X, we will say that X is a (radical) extension of X = ttji^X) £ X{3, 3) by 
ff. This extension is null if the generic fiber of ttj : X ---> X is a linear subspace in p2"+i. it is split if there exists 
a linear embedding t : (X) = p2"+i ^ p2n+i image of which is supplementary to F and is such that ttj o ct 
induces the identity when restricted to X. 

Proposition 5.27. The X J -correspondence induces correspondences between null (respectively split) extensions in 
the J-world and in the X-world. 

Proof. Let tth : X X he a (radical) extension in the X-world corresponding to a radical extension J ^ 

J = JJ//— ^Oin the J-world (we use here Proposition 15.26b . One can assume that X — X^ and X — Xjj and that 
the projection from F is induced by the linear map .^2 (J) ^2 (J) coming from the canonical projection JJ — > J//. 
Let us denote by x the class in J of an element x E I. Since / is assumed to be a radical ideal, x^i and belong to 
/ for every x € I and i £ I. In particular the class of in JJ// is x^. From this it follows that ttm : Xjj Xj// 
is given by [1 : a: : : N{x)] 1 — > [1:5;: x'^ : N{x)] hence for any x £ the fiber of ttj : X X over 
^ [1 : X : X* : N{x)] £ X is 

TTjife) = {[l:x + i:x*+x#i + i*: N{x)]\i£l} cPZaU). 

This fiber is a linear subspace in PZ2(J) if and only if i'^ = for every i £ I. Since / is radical, i'^ — P for every 
i £ I so that = for every i e / if and only if = (remember that any product in / can be expressed as a linear 
combination of squares). This proves the proposition for the case of null extensions. 

We now consider the case of split extensions. Clearly a split extension in the J-world yields a split extension in the 
X-world. On the contrary, assume that l : (X) ^ p2n+i ig ^ splitting of an extension ttj : X X. If i+ and x~ 
are two general points of X, then x^ = t(i^) and x^ = '-(i ) two points of X for which the construction of the 
Jordan pair {V^, V^) described in the proof of Proposition l5.26l can be performed. For ct = ±, let l"' : V"' ^ V"' be 
the differential at x"' of the restriction of l to X. Since t is a linear embedding, it sends any twisted cubic included in 
X onto a twisted cubic in X. From this, one deduces that l = l^) : V ^ V is an injective morphism of Jordan 
pairs. Finally, from the fact that Im(t.) and F are supplementary in PZ2(J), one deduces that l : V ^ V gives a 

TT 

splitting of the extension of Jordan pairs I '-^ V ^ V , concluding the proof of all the assertions. □ 

Example 5.28 (continuation of Example I5.25K The decomposition §c = He © Uc (with Uc = M2xi(C)) induces 
a decomposition in direct sum IIcrm3(Sc) ~ Herm3(]HIc) © Alt3(Uc) where Alt3(Uc) is the space of antisymmetric 
3x3 matrices with coefficients in Uc. One has Rad(IIerm3(§c)) = Alt3(lUc) and IIerm3(Sc) is a split and null 
extension of Herm3(Hc) by Alt3(Uc). The geometrical interpretation of this is that X — A"Horm3(Sc) ^ '^^'^ ^ ^P^i'- 
and null extension of Xncrms (He) — OGq{<C^'^). In this particular case, the linear projection tt/j^ : X XHorm3(Hc) 
is surjective and any of its fibers is a linear subspace of dimension 6 in P**^. 

5.3.4. The Penico series of X. We use in this subsection the notation introduced in the proof of Proposition l5.26l x'^ 

and x^ are two general points on X, etc. Let I C Rx be a radical ideal associated to the radical ideal (/+, /") of the 
Jordan pair V = {V+,V-). For ct = ±, define V{I'') as Pf^V-") C V. Then P(J) = P(7'(/+) © C 
p2n+i ^ radical ideal of X. 

We can now define the Penico series of X as the decreasing family of projective subspaces p2"+i ^ /jW 3 3 
• • • D i?J^"^' D D ■■■ defined inductively by 

R^x^ = Rx and = for fc > 1. 

One verifies that the R^ 's do not depend on the base points x^ and x but only on X and that they are projectively 
attached to X. It would be interesting to give a purely geometrical characterization of the Penico series of X, in the 
same spirit of the characterization of the radical of X given in Proposition |5.22| 
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Example 5.29 (continuation of Example |5j2). We have seen in Example l5.24l that the radical Rxa of cubic curve 



Xa C FZ2{A) = over A = C[e]/(e'^) is a 3-dimensional projective subspace in P^. One verifies easily is 



the projective line {[0 : A : A' : 0] | [A, A'] G P^} C Rxa^ whereas is empty for every £ > 3. 

For any £ > 1, let pl^l be the restriction to X of the linear projection from and denote by X^^l its image (note 
that = X and = Idx if Rx is empty). Since is a radical ideal, belongs to X(3, 3). Moreover, it is 
not difficult to verify that for k < £, the linear subspace pl^l {R^x ) is a radical ideal for X^^^ that is nothing but • 
If one denotes by vrl^l the restriction to X^^l of the linear projection from pl^l (_r|^^^' ), there is a commutative diagram 

m 

X----- 

where the maps in it are (restrictions of) dominant linear projections sending isomorphically a general twisted cubic 
curve in a source space onto a general twisted cubic curve in the target space. 

A good reason to consider the projections ttI^I is certainly given by the following result, whose proof is left to the 
reader 

Proposition 5.30. For any £ > 1, the generic fiber of the rational map Tr^^l : X^^l X^^^^l is a linear subspace. 

5.3.5. The general structure of twisted cubics over Jordan algebras. We are now in position of stating the trans- 
lation in the X-world of Theorem l5.1l 

Theorem 5.31. Assume that X e -X'(3, 3) is not semi-simple (or equivalently that X is not smooth). Then 

(1) the restriction to X of the linear projection from its radical Rx induces a dominant rational map 

over a semi-simple 3-RC variety X^s S X{i, 3), the restriction of which to a general twisted cubic C C X is 
an isomorphism onto its image tth^ (C), which is then a twisted cubic curve in Xss,' 

(2) there exists a linear embedding a : PZ2(Jss) ^ FZ2{I) whose image is supplementary to Rx such that 

(j(^Xss) C X and t^Rx ° cr G Aut(Xss). 
Moreover, a is unique, up to composition to the left by a projective automorphism of X; 

(3) the radical Rx is solvable: there exists a positive integer t such that R^^ is empty. Moreover, A"[^I is a 
radical null extension of X^^^^^ for £ = 2, ... ,t so that X — X^*'^ can be obtained from its semi-simple part 
Xss = by the successive series of null radical extensions represented below 

X - - - ^ ^[t-1] -^--^ _^ ^[i] _ ^ I --^ I-^ ^[2] -1 Xss. 

5.3.6. Null extension and Verra construction. It follows from part (3) of Theorem 15.311 that the notion of radical 
null extension is particularly relevant when dealing with varieties in the class X{3, 3). Notwithstanding the consid- 
erations and results of the preceding sections are not fully satisfying from the intrinsic point of view. For instance 
the construction of all radical null extensions of a given X E X{3, 3) shows immediately that it is desirable to have 
an intrinsic geometric characterization of such objects, the term 'intrinsic' meaning here 'in term of X alone'. This 
section is dedicated to this purpose. 

Let us recall that if X e X{3, 3), then X C p2"+i is a variety with one apparent double point, briefly an OADP- 
variety, meaning that through a general point of p2"+i there passes a unique secant line to X, see for example lISTl 
Corollary 5.4] for a proofl If tt : X' - AT is a radical null extension in the AT-world then the general fiber of tt is a 
linear subspace. This shows that X' is an OADP-variety obtained from X by the so called Verra construction of new 
OADP-varieties from a given one. We recall brievely this geometric construction below, referring to ifTOl Section 3] 
for more details and proofs. 



The name 'OADP-variety' comes from the fact that the projection of X from a general point acquires only one double point as (further) 
singularities (see also HOi for relations between twisted cubics over Jordan algebras and OADP-varieties). 
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Let Y C p2("+'')+i be a degenerate OADP-variety of dimension n, which spans a linear space V of dimension 
2n + 1. Let Cw{Y) be the cone over Y with vertex a Hnear space W C p2("+^)+i of dimension 2r - 1 in direct sum 
with V. Assume that Y' C Cw{Y) is an irreducible non-degenerate variety of dimension n + r, that is not secant 
defective and which intersects the general ruling 11 ~ P^*" of Cw{Y) along a linear subspace of dimension r. Then 
the linear projection of p2("+'')+^ from onto F restricts to y to a dominant map vr : Y' --^ F having linear fibers 
of dimension r that are generically disjoint. We shall say that Y' is obtained from Y via Verra 's construction or also 
that Y' is a Verra variety. It is not difficult to prove that Verra varieties are OADP-varieties. 

Let Y' be a Verra variety as above. Then 7r~^(y) is a linear subspace of dimension r — 1 of for y & Y general. 
Therefore y n> Ti~^{y) defines a rational map ^y' : F ---» G{r — 1, W) = Gr{C^^). Moreover, jy' (yi) and 7Y'(y2) 
are skew subspaces of W when yi and y2 are two general points of Y. Conversely, let Vy be the set of rational maps 
7 : Y --^ Gr{r — 1, p2'"-i) satisfying the condition that 7(2/1) and 7(2/2) are skew if yi and y2 are general in Y. It can 
be verified that for any 7 G Vy, if Yq stands for the open subset of Y on which 7 is defined, then 

Y, = U (yMv)) c p^("+^)+^ 

yeYo 

is an OADP-variety that is obtained from Y by Verra's construction. This gives an identification between the set of 
(n + r) -dimensional Verra varieties constructed from Y up to projective equivalence and the quotient of the set Vy by 
a certain relation of equivalence that the interested reader could make explicit without difficulty. 

Since a radical null extension tt : X' X is obtained by Verra's construction from X, there exists jx' G 
such that X' — X^^, . Nevertheless one verifies easily that not every 7 e Vx is such that Xj is a radical null extension 
of X, see also Example 15 . 3 3 1 below. A necessary and sufficient assuring that X' G X{3, 3) is given by the following 
result: 

Theorem 5.32. Let X G ^(3, 3) and let 7 G Vx- The following conditions are equivalent: 

(1) the Verra variety X^ belongs to ^(3, 3) so that in particular is a radical null extension of X 

(2) the restriction of ^ to a general cubic curve C (Z X is an embedding and j{C) is a line in GriC^^). 

Proof. Clearly (1) implies (2) and we now prove the converse. Let X' — X-y where 7 G Vx is such that (2) holds 
and denote hy n : X' X the (restriction of the) linear projection defining X' as a Verra variety over X. If x'l , x'2 
and are three general points on X' then the Xi = 7r(a;9's are three general points on X. Let C be the twisted cubic 
included in X passing trough the x^'s. Clearly, 7r~^(C) is nothing but the Verra variety C^^ over C, where 7c stands 
for the restriction of 7 to C. Since C is a general cubic in X, it follows from (2) that C^^ is the (r + 1) -dimensional 
rational normal scroll 5i...i3 in p^^'+s x^e later being an element of the class X(3, 3), there exists a twisted cubic 
C C passing trough x\, x^ and ^3 and such 7r(C") = C. This shows that X' — X.^ is 3-RC by cubic curves. 
Then X^ is a radical extension of X. Since the general fiber of tt : X^ X is linear, this radical extension is null 
by the definition, concluding the proof. □ 

The following examples show that there exist 7 G V\ such that X^ ^ ^(3, 3). 

Example 5.33. Let JJ be a rank 3 Jordan algebra of dimension n > 1 with generic norm N{x). Let J' be a split radical 
extension of J by a Jordan bimodule R of dimension 1 . 

First of all, since C R and r'^ = for every r £ R (and since R C Rad(J')), it follows that i?,^ = 0. Because 
the extension i? m> J' -» J is split, one can assume that S' — J ® R with product given by 

(xi,ri) * (a;2,r'2) = [xi *X2,riip{x2) +r2ip{xi)) for Xi,X2 G JJ, ri,r2 G i?, 

where : JJ C is a certain (fixed) linear form. The unity of JJ' is e' = (e, 0), yielding (p(e) = 1. 

Reasoning as in the proof of Theorem l5 . 1 61 and recalling that — for every r G R', we deduce that there exists 
also a linear form / : JJ -4 C such that {x, r)# = (a;^, rf{x)) for every (x, r) G J'. By definition of radical we have 
N{x') = N{x, r) = N{x) for x' = (x, r) G JJ' so that the identity N{x')x' = {x'*)* is equivalent to 

(22) Nix) = f{x)J{x*) 

for every a; G J. 

Now if Xjj C p2"+i is a twisted cubic over a simple rank three Jordan algebra JJ (so with n G {6, 9, 15, 27}) and 
if C p2"+3 is obtained from Xj via Verra construction, then Z <^ X (3, 3). Indeed, otherwise Z would be 

projectively equivalent to Xji for a certain 1-dimensional null radical extension J' of J, that is necessarily spHt (this 
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follows from the fact that JJ is simple). Then $22\ would imply that the norm N{x) of J is a reducible polynomial of 
degree 3, which is not the case. 



Part (3) of Theorem 15 . 3 1 1 points out that among radical null extensions the split ones are the most interesting. 
Accordingly to the general principle of the XJC-correspondence, given X G X{3, 3), it would be interesting to get 
a characterization in geometric terms of the rational maps 7 G Vx satisfying condition f2j of the preceding theorem 
and such that the radical extension X is not only null but also split. We intend to return on this and on other 

related questions in the future. 
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